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1 Functional differentiation
The differentiation
F[f +eg] — F[f] = e - DFf[g] + O(?)
where the linear differential DFy is a linear functional.
DFy[g1 + 8] = DFf[1] + DFy[g]

A functional F is said to be stationary of f, if only if DFf = 0. We need to Compute the
differential DF.

F[f] — F(f) f={fu=f(xy),n=12,---,N}

K| 1: Discrete vector f = {f, = f(x,),n=1,--- ,N}



f <— N-dimensional vector space

F(f)is a function defined over N-dimensional space.

The ordinary differential defined through
F(f+eg) — F(f) = e-dFs(g) + O(€)

In a Cartesian Basis of N unit vectors, e,, n =1,...,N, dF(g) = (VF, g)

N
g = angn VFE = {E)an}

n=1
3, F(f) = lim L[F(f + ee,) — F(f)]
WF(B) = i (- ce
Thus
de(g) VFf, Zafn

The limit N — oo, Discrete— Continue
£8) =L fugn— (f5) = [ dxf(x)(x)
The analog of the nth unit vector is a J-distribution, e, — Jy, where dy(x") = 5(x — x’)
fu={6en) = L fulenhn = f() = {f.00) = [ dx'f()on(x)

where (€,)m = Onm

UNIT VECTOR<+— ¢ DISTRIBUTION

() = Yoy (619 — DFlg] = [ ax i hetx)

OF[f] _ 1
S = lm 2 (FIf 0] — FIf)
Chain rule 5Flg(f)] / dy el
5f(x) g= gLf f(x)




Talor series:

(f(x1) = flx))+

Plf] = F[f] +/dx15‘;F([£)

1 SFf]
2 / A s o f ()

f=f
(F(x1) = Fx0)) (F(x2) — Flx2) + -

f=f

2 Compute path integral

2.1 Discrete compute

iG (bt s ta) = [ DIx(B)leh I #0753 — [ Dl(e)]ehSmtue

In semiclassical limit situation, S > /i = 1. Phase ¢'° changes rapidly, and contributions

from different paths cancel each other out.

52Sx]
5x(t1) + /dtldtz(SX

Slxe(f) + 6x(0)] = Stx(0)] + [ dt 2500 |

ox tl)

X=X¢

Near the stable path x.(t)
=0

Sx(t)

X=X¢

S[xe(t) + 6x(£)] = S[xe(£)] + / dtidty s PSI | sx(t)ox(ty)

(t1)0x(t2)

example 2.1.1 (Freedom particle)

. mo\% N m (x; —xi_1)?
ZG(xbrtb/xu/ ta) = <27TiAt> ’ /dxl e -de,ll—[exp 12]Até>At
j=1

Near the classical path

Consider the quantum fluctuation

x]- = xc(t]-) + 5x]-, t]' = tu +jAt

Ox(t)ox(ta) + - - -



. m o\z N . m )
iG(xp, ty, Xa, ta) = (27‘CiAt) /dx1 ceedxn_ Hexp {zz—At(xc(tj) — xc(tj—1) + Oxj — oxj_1) }
=1

<27TzAt /dx1 ~dxN- 1Hexp{ ZTZt[( xc(t) — xc(tj—1))2
+2(xe(t) = xe(tj-1)) (0x; = 6xj1) + (03 — 6x7-1)°]}

m 2 piSe m
- <2mAt ’ /dxl - 1H€x;912At[ (e(tj) = xe(tj-1)) (8% = 6%j-1) + (0% = 0x-1)7]

The first order term vanished

N
- _ Se [Texr{i—  Sxiq)?
lG(.Xb, tb, Xa, ta) = e /dxl N de—l 11 exp{lm[(éx] - 535]71) ]}

eisc /dX1 ceedxn— 1gxp{1 Z[(Sx + 5x — 2(535]‘(535]‘_1]}1

2At

o' /dxl ~dxn_jexp{i Z 0x; My}
j=1

2 -1 0
-1 2 -1
M =
o -1 2
For general quadratic Lagrangian
1 ) . 1 2
L= S mx +b(t)x(t)x(t) — Ec(t)x (t) —e(t)x(t)

t
iG (xh t %o ta) = [ DIx(B)]ek f 41



Bound condition:

Define fluctuation

ty ty 2
5 dtL = S[x(1)] = S[x(7) + y(7)] = S[%] +% : deT’y(T’)(M(%(%!x—xy(T)

Now compute the action of quadratic Lagrangian

t
S = bdt%mxz +b(t)x — %c(t)xz — e(B)x(t)
ta

Take variation

e = Lm0 =) + B0~ )3+ b{E)¥(E) §6(¢ ) — )3t — ) —edle — T

= —mi(7) + bxd(t — T) — bx(T) — cx(T) — e
5°S d? / /
I = _mﬁé(r —7)—cd(t' — 1)
Thus
2
;/drdr’y(r’)mf,);(_[)h_xy(ﬂ

2
_ ;/deT'y(T') [_mjrz‘s(T’ —7) —od(T _T)} (0

-1/ Ll
= —5 [ dTy(@) (m + ec()y()
_ ma_ 1 o
iG(xb t %o, ta) = [ DIxleh he 47 = eie [ Dyjet /(875"

[

Discrete and define iG(0, t,0,t,) = [ D[y]e% Jdt(35=5y%)

. i m ¥ i m » At 5
G0t 0te) = Jim (spzs)” [ dyne dywsesy h (gt~ - o)



where ¢; = c(t;), tj = t, + jAt. Define n =

where ¢ =

o = i, & is Hermitian. ¢ = UtopU. Det(op) = 1

iG(0,t,0,t;) = lim

_m_
2ihAt

N—oo

(

n

YN-1

N
m 2 T
—non
27rihAt> / e

iAt
+ o

C1

C2

CN-2

CN-1

N N—1
.~ m 2 7T
G(0,1,0,t0) = Jim ()
iG(0,ty, 0, ta) Noaeo \ 277iRAL Deto

= lim =~ 1
— 1 : - N-1
N-oo 4 | 27TiRAE (%) Deto
) N-1 ]
(21hAt> Detor — Det (21hAta>
- m
_ ) 1 i _C1
-1 2 -1 ©
4 2 At?
= Det Som
m
2 -1
-1 2
= pN,l

CN-2

CN-1




o282, g ]
A 2
-1 2-%Lq
P] = Det
28 1
A 2
i -1 2— Wtc]- )
Laplace expansion
At
pi+1 = (2— gcjﬂ)iﬂj —Pj1
At?
P2
At?
Pi+1 = 2pj + Pj-1 = —— ~Cj1p;
Pj+1-2pj+p; _ _G+1p;
At? m
Define

¢(tj) = Apj
Po(t) __c(t)

iz~ m 9(t)

Notice that third-order determinantis 1. pg =1
q)(to) = Atp() —0

do(t) _ . ¢(t) —e(to) _ . . AP
g = A ool = i (py —po) = lim (1 —-er) = 1

Hence we can define that

f(tr ta) = go(t>/ f(tbzta) = q)(tb)/ f(tﬂ/ tﬂ) = q)(t”> =0, af(;;ta) t=t =1
2
mafa(ttzt) Fe(B)f(tt) =0



i
Sc(xb/ tb/ Xa, ta

iG(xp, ty, Xa, ta) = exp [

% \/27‘C1At 2ihAt N 1Det0’

= exp iSC(xb,iEb,xa,hZ hm
h 27T1At PN-1

_ is, m
27Tihf(tb, ta)

example 2.1.2 Harmonic oscillator L = %%% — bx — Zw?x?

iS. m

G /t/ /t = 27tikf(ty, ta)
iG(xp, tp, Xa, ta) =€ 2mtihf (ty, ta)

mazf(t, ta)

Y +mwf(tt,) =0

f(t ty) = Acoswt + Bsinwt, f(ts, ts) =0, of (t,t)

ot =1

t=t,

sinw(ty, —t,)
w

f(tbr ta) =

mw iS,

iG(Xb, tb/ xﬂ/ tﬂ) = \/

2mihsinw(t, — t,)

2.2 Continue compute

&l 2: Figure 2

Firstly we compute the Gaussian integral [ Dxe ™t 1,




1. Find the stationary phase point X

DF, =0& Vt:

X=X

Maybe there are some stationary phase configuration Xy, ..., ¥s. But here we only

discuss the case in which the X is unique.

2. Taylor series:

F[x] = F[z +y] = F|7] /dtdty Vy(E) + - -

where the A(t,t') = 5(5)% |x=z. First order term is vanished.

3. The operator A = A(t,t') must be positive define.

271 -
—Flx] ~ |/ —F[g]
/Dxe ~\| Det(A) ¢

4. If there are many stationary phase configurations, ¥;, the individual contributions

have to be added
_ A.
—Flx] ~ —F[%] 1
/Dxe ~ Ei e Det <2n>

The fluctuation

r(t) = q(t) — qc(t)

i i 525[‘1]
Ht| ,\ ~ S¢ "
(qrle” " g;) ~en /r(o):r(t) Drexp [ / dt'dt’r t’)éq(t”)

T(t//)]



:% dtdt'r(t) | —m——0(t —t') —

0
1 gt
= —5/ dtdt'r(t) m

_ _7/ dtdt'm

= —f/ dtdt' mr ('

:_5/0 dtr(t)[mo?

. aV
—mij(t) — é)q(t)) .

2V ,
aqaq (" ! >>

) — % / ' dtdr 03

4=4c
d2
2 / dtdt dr2 9q(

d? 0%V
_ = /
ot =#) /dd dt2 9q(t)oq(t)

d2
ﬁé(t — )

+ V7 (qe(1))]r(t)

3 Linear response

3.1 Formula2.2.9

ti(tb/ ta) -

The path integral

(p|UP (o0, ty)xUO (ty, t,)xUO(

q=4c

82 14
(t")oq(t)

5( —t)

ta, —00)|¢)

(p|U? (o0, —c0)[1p)

iGx(tp, ta) = fD x(tp) ( a)eifi’

dtL

10

3 an




proof 3.1
—00 >t >ty —> 00

x(tb) = U*(tb, to)x(to)U(tb,to)
x(ty) = U (tg, to)x(to)U(ta, to)

Transform from Schrodinger picture to Heisenberg picture

9 (o0 X 0 2)X 0 4 — 0
Gty 1) = L0 1e) iiﬁy)geézi)oq(@)f (ta, —00) )
_ (I (00, 1) UP (ty, t0) XU (ty, 1)U (1, £a)U (b, t0)x(8a) U™ (ta, t0) U° (ta, —c0) |9)

(PlU® (o0, —c0)[1p)
_ {@lU° (oo, to)x(ty)x(ta) U(to, —0) )
(|U®(c0, —o0) |9)
_ (p(to)[x(tp)x(ta) [p(to))
(PlU® (oo, —o0)[9)

= (x(t,)x(t))
Define (x|} = 5(x)

J dxdx’ (ip|x) (x|U° (00, ty) x (b )U° (ty, ta) X (ta)U° (ta, —00) |x') (x'|9)
($|U® (o0, —00) |)

Using Delta function, the following formula can be derivated

ti(tb/ tu) =

x|U° (00, ty)x (b ) U° (ty, ta) x(ta) U° (ta, —00)|x)
(x|U° (o0, —c0 !x>

Insert [ Dx(ta)]|x(ta)) (x(ta)| = 1, [ D[x(t)]|x(tp)) (x ()| =

ti(th, ta) = <

iGa(ty ta) = J Dlx(ta)|D[x(ty)]x (ta) x(ty) (x|U° (00, ty) |2 (ty) ) (x (t) [U° (ty, ta) X (ta)) (x(ta) [ (¢

a, —)|x)

[ Dlx(t))e! S =
fD[x(ta)]D[x(tb)]x(ta)x(tb)fD[x(t)]eij;‘:dtLfD[xa)]eiﬁibmfD[x(t)]EimOdtL
fD[x(t)]gifff,odtL

[ D[x(t)]x(ta)x(t )eiff;dtL

e~ )

11



3.2 The harmonic oscillator

The Hamiltonian is

2m 2

The Lagrangian

L=px—H

2
1
= px — zp—m — Emw%xZ

Integrate to Lagrangian

/dtL—/dtJ‘c—pz—lmwzx2
=) PR oy T M

= /dt;mfcz - %mw%xz
= [at (3 [dm ] - i)
= %m /j:o dt— (xx) /dt ( mx;;x+ 1mw(2)x2>
Due to the bound condition x(+c0) =0
/dtL =— /dt;x [m;:z +mw§] x
Generating functional

/ D[x 0 dAHL+E(H)x(t)] (1)

First we define the functional derivative ,%, as follow. The functional derivative obey

the basic axiom (in 4 dimensions)

510 [ V00 = 9(x)

12



To take functional derivatives of more comlicated functionals we simply use the ordi-

nary rules for derivatives of composite functions. For example

e i [atyiwom)] = ey [i [ duiwe)

Using the formula

/dxef%xTMx+]x _ (zn)Ne%]TM’lj
detM

where J, xis an arbitrary N-component vector.

proof 3.2
X — x+M1J.

The integral is unchanged under the transformation. But the transformation removes the linear

term from the exponent.
1 T 1y Tory
2x Mx+J x+— 2x Mx—|—2]M J

Computing the 27X Mx
M= ATAA

where A is diagonal matrix. A = diag(ay,az, ...,aN)

The Gaussian integral
/dxef%xTMer]Tx — e%]TM’lj/dxef%xTMx
— e%JTA”J/d(Ay)e—%yTAy

= e%JT“r]J/det(A)d(y)e’%yTAy

13



Considering the proper orthogonal transformation, we have detA =1

/dxg_%XMX+JTX — g%JTAill/d(y)e_%yTAy
15T A1y 0 Pyt tan
= e2 dyl...dyNe 2MY7 2 N
—0

(27T)N E%JTA—IJ
detA

(27T)N e%JTA71]
detM

To ensure convergence, we take place t — te=®, 0 =et.

Z[E(t)] = Z[O]ei I dt%emE(t)[EZiam;Tzz—&-mwg]*lE(t)

Define 2
_[,2i0 21-1
K(t, t') = [e* U + mawg)
K(t,t') satisfies the following relation
_ioy i, & 2 / /
e Ve m— + mwj]K(t, ') = 6(t —t') ()

dt?
Because of K(t,t') = K(t — ') = K(t), T = t — . The Fourier transformation

dw

_ - —iwT
K(t) = 27TK(w)e
) = _ [ 9, iwr
S(t—t)=46(1)= ¢

The equation(2)can be writen as

et (—mwzezw + mwé) K(w)=1

1
K(w) = - -
(@) mw2e—10 — meo2eit
The Fourier transformation
—alt| 2a
€ 2. 2
w*+a

14



We can get
i
— e e
2mwy

O |t—t'|

The generate functional

Z[E(t)] _ eifdtdt’E(t)K(t,t/)E(t’)

Functional derivative

5 Z[E
SE(t,)

[/ ar’ Kta, +z/ dt E[( tta)} [[5]] e

The second derivative

SEmyaEy 20 == (52 [l/ it 5Kt “/ AFEOK (L ta D ?[ISJ] =0
st o) 5
- iK(tb,ta)Z[[](:;]] le=o + </dt/;K(t“’ J”/dtlE Kt te >
s odgonas) 201
= iK(tp, ta)

We know

= / D[x(t)]e! [ AHL+E@®)x(1)]

5Eft0)zw = [ Dlx(t)

i [ E(t)x(t)]eif"‘;dt[HE(f)x(t)])

52 E fD zx(t ) i [% dH(L+E(t)x(t)) ' ' ‘
SE(t,)SE(ty) z[o] fD[x(t)] T = ([ix(ta)][ix(tp)]) = —iGx(tp, ta)
K(t t ) Mg e |t—t'|wo

0<0<Z,e®=cos—isinb. |t —t|— oo, K(tt') — 0.

B _ =it
G:(t) =K(t) = liZma)oe

15



Frequency space wy — wo(1 — i€)

wt — wt —ie

oo ‘ 1
G :/ dtGy(t,0)e'" = ,
+(w) —oo (0 m(w? — w3 +iet)

In frequency space

1 P -
exp [i/dte‘leE(t) <me2 T2 +mw%) E(t)]

0 1 pic't 2io & 2 [ dw jwt
—1 1w 1 —1lw
= exp /dt ( "NE(w')e <me 2 + mw0> EE(w)e

— 1 dw'dw N ,—iw't 2 2i60 2 -1 —iwt

= exp _zie / @) E(w')e ( mw*e +mw0) E(w)e

_ (1 _jp [dw'dw / 2 2if 2\ 7! /+°° —i(w'+w)t

= exp _zie / ) E(w') ( mw<e +mw0> E(w) . dte

= ex —ileie d—wE(—w) ( mw?e?® + mwz) - E(w)

P1'2° ) 2 0

Important:

Green function = (p(x1)p(x2)) = <_i5](5x1)> < (5]((S )) H

In X.G.wen’s books, Green function was defined as iG(x,, x,). But the Green function

was called G(¢(x,), p(xp)) = <_i5](5xa)> (_iéf((sxb)> Z% in Peskin’s books.

Define S.ff as
Z[E]

S pfSefs
zfo] ~ ¢
The S,fr was called effective action.

1 > -
Seff = /dtie*ZQE(t) [mdtz M—i—mw%} E(t)

In frequency space

Sufs = gwE(—w)Gx(w)E(w)

1. E(t)=e

16



The effective action

dwl
dw 1 it

—/dwdtie 5(—w)Gy(w)e™!

1 1
- /dtészGX(w —0)= —(th—t)=

262Gx(w =0)

Serf = —Time x Energy. The ground state energy: €y = w. The dipole

moment: d = — %0 = —EGy(w = 0)
The polarizability is

2. E = E(t) Non-constant

The Generate function:
_ /D[x(t)]eifdt(L+E(t)x(t))

The coupling term of electric field and dipole moment:

dw
27

AS:/th(t)x()— Y9 w)x(w)

The dipole moment

B fD tx [dtL+E()())]
d(t) = (x(t))|pz0 = [ Dlx(8)] ezfdtLHS() x(D))

After coupling with the external electric field, the total Lagrangian of the system
should be written as the harmonic oscillator term + the coupling term. Averag-

ing the coordinates is also in coupled Lagrangian.

17



In frequency space

D[x]x(w)e! | 3% (LHE(-w)x(w))
fD[x(w)]elf 5 (L+E(—w)x(w))
—2rtiggt s [ Dlx]el [ 5 (LHECw)x(@)
- fD[x]eif%(LJrE(—aJ)x(w))
. 0Z[E] 1 o 1 210

= _2m5E(—w) m 77E]

de _ 5 O%eff
6F o 5E_.,

Seff = — [ 2 3E(—w)Gy(w)E(w)

7T

27(52.‘(5?{0) = —/dw/ (;‘5(‘”_“’/)(39‘(“’/)]5(‘”/)—#;E(—w')Gx(w’)zS(w+w/)>
= —Gy(w)E(w)
Noting that Gy(w) = Gy(—w).
x(w) = Z((Z% = —Gy(w)

For oscillating electric field E(t) = E(w) cos wt, the dipole momentis d(t) = Re[x(w)E(w)e™ "]
4 perturbation

4.1 interaction picture

H = Hy+ V()

|pn) is eigenvector of Hy

Holpn) = [tpn)
Denote the |(t)) as Schrodinger picture vector and denote the |i(t)); as the interaction

picture.

9(B)1 = Ml y(e)

18



The operator in interaction picture is define as following

AI(t) = eiHO(t_tO)Ae—Ho(t—to)

()1 = i (O (1)

— =) F (1)) + P01 L (1)) = ) (H — Ho)|p(1))

dt
= My (1)|y(1) = Vi(t)|g(h))
.d o iHy(t—to) 4 —iHo(t—to)
i AI(D) =iz (e Ae )

_ _eiHO(tfto)HOAefiHO(tftO) + eiHO(t*tO)AHoe*iHO(t*tO)
— piHo(t—to) [A, Hy e~ iHo(t=to) [Ar(t), Ho]

In general, observable operator in schrodinger’s picture is time independent. The
Hamiltonian operator is regarded as a time - dependent operator only in a few time

- dependent perturbations. Conclusion:
d
i W)= Vi) lg(6)r
d
—Aj(t) = [Ar, H
Define the unitary time evolution operator

[p(6))r = Ui(t, to)[9)1

The equation of movement of U (¢, ty)

.d
z%ul(t, i’o) = V](f)U(t, to)

d ~ [t
%U(t, to) =1+ (—Z) t dt1V1(t1)UI(t1)
0

Iteration after iteration

t t tl tn—l
Ui (4, to) :1+(—i)/t dtlvl(t1)+---+(—i)”/t it dtz---/t At Vi(ty) - - Vi(t) + - -
0 0 0

to

19



Cuting in first term

[(t)) 1 = Us(t, to)[9(t))1 == [(to))1 — i/t:dt/Vl(t')hP(to)h

Using the relation condition of Schrodinger picture and interaction picture. Notice

l(to))1 = |9(t))

] t . f : /
ezHO(tftg)W](t» _ |l[J(t0)> i dtlelHo(t fto)V(t’)eleo(t *t0)|1/](t0)>

to
. t . . / ; /
|1P(t)> _ e_ZHO(t_tO)‘lp(to» _ i/ dt/e—zHo(t—tg)ezHo(t —tO)V(tl)e—zHo(t _tO)W’(tO»
fo

= e~ iHo(t=t0) |y 1)) — i/t dt e Ho(=t) 7 (1) e=iHolt =t0) |4y 1))
fo

In Wen’s Books, we cut in first order term. The Hamiltonian is
H=Hy+ f(t)01

Notice the Oy is time - independent and the initial condition is perturbation starting

with finite time.

Quantum evolute from |¢(t)) = |iy)

t . ’ . !
nl0)) = e PO ) i [ dre O f( 0 T )

Define interaction picture operator Oy () = e/Ho(t=t-=) e~ 1Ho(tt-x)

n0)) = ) —i [ are T F(1)01 (1))

Sln(0)) = ~i [[_ate =) (1104 (8 )

[fu(t)) = B )+ 6[pu)

20



Approximately to the first order

(u(D)[O2]9u (£)) = (Pl Oz ) + =) (| 0281 (1)) + (& {pu ()] ) Oa| e~ Frlt-=)

S((u (1) Oaln (1)) = Bt~ (9,028 (£))) + (5 (u(£)]) Os|gpy )~ Ent=-)
— i [ apet- fw) glEn(t=toc) £(11) (1| Ope " HoE=t-) O, (1) |1p,,)
t oo
i [ (alOn (1) F (1) Ope 0y,
oo
t
= —i [ at' (] [02(1), O1(1)] 19)

Define the response function

D(t,t') = —i0(t — ') (¢u] [O2(£)O1 ()] [n)

where
1, t>0
o(t) = {
0, t<0.
5((pn(£)|Oaln () / dr'D(t 1)
1. T=0K
D(t —t") = (yo| [O2(t)O1(")] [¢0)
2. T > 0K
e~ PHo
(O2)r = Tr(O20) = (fn(£)|O2———[¢pu(t))
Notice that

(1) t = to,{|¢n)} is a complete orthogonal set. When t > to, {|{,(t))} is still a

complete orthogonal set.

<¢M(t)|’~/’n(t)> = <¢m|u+(t/ to)U(t, t0)|¢n> = <¢m|’~/’n> = Omn

(2) The Hamiltonian for the density operator is Hy

21



<oz>f=Tr<ozp>=2< L0102l (1)
—BHo
= T(nl02" |¢n—zz/ i)l | (02
= Y plOalpn) o —i [ ar ey ([elHoﬁ—f—wof?e—iHoU—f—w),ol(t/)})

Using Tr(ABC) = Tr(BCA) = Tr(CAB)

) 0,000 192

e~ Pen
(O = LwlOaln)e e =i [ e F(¥) (gl [02(0), 01(¢)] I

Define
—Ben

D(t =) = L (][02(8), 01 ()] )

<OZ>t = Z<lpn|oz|¢n +/ dar’ D
In frequency space

dw

(O2)r = | 5~ <Oz>w€ wt
’Pn|02\4’n e 4 / dt’”i(cz"i‘)‘;p(w) Flw)emwlt=r) gmiet
L 9nlOalgn)” et + [ D) f(w)e
(O2)w| o = DP(w) f(w)
where

= /dtD(t)eiw*

We can express the response function in terms of the time - order correlation function

computed by the path integral.

1. T=0K

($0]O1(#)0a(1)]i0) = [90lO3(1), OF(#)1ip0] " = [(¥olO2()O1 (¢ )"
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D(t,t') = —if(t — ') (o [Oa(t), Or(t')][th0)
= —if(t — ') ({o| O2(£)Or(t') o) — (o] O1 (')

Time - order correlation function

iG(t,t') = (0| T(O2(t)O1(t")) [tho)

02(t)[90))
— —i6(t — t')20m (0| O2(+)O1 (#') o) = 20(¢ — #')Im 0| Ox(+)Oy

D(t,t') =20(t — t')ImiG(t — t') = 20(t — t')ReG(t — t)

2. T > 0K Time - order correlation function

—Ben

iGP(t, ') = Y (9al TIO2(8), 01 ()] [9)

n
Response function

DF(t,t') =20(t — t')ReGP(t — t')

Harmonic oscillator ,
e 1w | t ‘

iGy(t—t') = (x()x(t')) =

2mwy

4.2 exercises

+

problem 4.2.1 Harmonic oscillator H = wa'a

ala) = ala), (ala" =a"(al

The coherent state propagator

iG(ab/ tb/ Ag, tu) = <ab ’ u(tb/ tu) |aa>

Condition:

(1) d2|a>< | =1, d%a = dReadIma

a2 2 ks
2

(2) (d'|a) =e 2e 2 e

iG(ap, ty, aq,t,) = <HN|U(tN, to)|ao) = (an|U(tn, tN-1) - - -

( ai|U(ti, ti—1)|ai—1)

i=1

dtZl dIZN 1
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where Ati = ti — ti—l/ (ﬂa, tu) = (ao, t()), (ah, tb) = (aN, tN).
Define iG(a;, ti, ai—1,ti—1) = (a;|U(t;, ti—1)|ai—1).

iG(ai/ ti/ ai—1, ti—l) = <ai|u(ti’ ti_1)|ai_1>
< |€ iH(a;,a;_1)0t |a > _ <lli|€_iwu+uAti|ai71>

= (a;|1+ (iwa'a)At; + o(At;)|ai_1)

— <ai|ai71>efiwa;‘a,-_1A,'

— e*iWﬂfﬂi—lAtie*%l”i|267%|”i71 P ot i1

, 1 .,a,—a;_, laf—a’
= exp [(—zwafail - Ea? ! At~l Ls 5 ! At-l 1ai1> Atl}
1 1

. day - -dan_1 _icoatant;
lG(ab/tb/lZu/ta) = /%H<ﬂi|€ e “Atf|az-,1>
i=1

day---dan_1 ) 1 ,a,—a;_1 lai—a;_q
_/ p— Hexp —zwa;‘ai_l—ial’f At _|_§l A a;_1 | At;

dﬂl daN 1 N1 a;k a;'k_l 1 ,a;—ai4 .
— E - g - —gF *a. At:

/D[a jdt 1a*a—Lla*a—iwa*a)
= an

_ / 1fdt[ 1(a afa'*a)fwa*a]
7-L-N 1

2 q * *
iG(ab, ty, ag, ta) — /w lfdt[% a*a—a*a)—wa a]

For general Hamiltonian H(a,a')

iG(aj, ti,ay_1,ti 1) = (a;le i |a;_1)

—iH(a,a")M;
= (aj|a;_y)e )AL
— eﬂ?ﬂ,‘,]*%'ﬂ,“zf%‘ﬂi,]|271.H(11,ﬂ*)At,‘
= exp | "1 af — i)~ % (0 ) y
=exp | == (a7 —ajq) — o (ai — aiy) — iwaja;
* *
ai—14; a;_q a; a; — a1 *

=ex A=t = T watajq | At

p K 2 AL 2 AL i i i
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da; - - - dan_1 £ CiH(aat
17_[N71N 1H<ai|e iH(a,a )A’ai,ﬂ

_ [daj---dan_q Noaiaf —aiy  aiai—ai, .
_/W”p L7 a2 A HEe))an

iG(ab/ tb/ aa/ tu) -

i=1
D? [a(t)] ¢ J dt[i%(a*d—u'*a)—H(a,u*)]
N ) :
L= zi(a*a —aa* — H(a,a"))

problem 4.2.2 P16.Derive the path integral representation of green’s function in virtual time

Z[B] = Tr(e 1) = / dxG(x, x, B)

Define virtue time Green’s function.
G (xp, %0, T) = {xple™™]xa)
G (xp, xa, T) can be regard as a propagator along the virtue time. T = it

G (xp, %0, T) = (xple™™"|xa)

_ <xN’e_(TN_TN—l)He_(TN—l_TN—Z)H .. .e—(Tl—To)H|xO>

N
= /dxl ce de,1 H(xi|e_TfH|xi_1>
i=1
N P
i=1

Using BHC formula

_1
pA+B _ pAB,—3[AB]

2
a2 v

2 2 ~1
<xi|€7AT"§7'7AT[V(x)‘xi71> — <xi’efATi%efAT,-V(x)e 287 [5m (X)]|xi71>

Ignore second order small quantities

2
S )

— <xi’eAT,-§‘xl,_l>e—Arl-V(x,-,1)
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2
2
—AT I

(xile |xi-1)
2
= [ api{alpi e "5 1)
van Var

sz P ‘xi_xi—l_ﬁ ‘
2w |(ip = A

1

m
sz [ ATi 2 X Xi—1
= [ = ———(p7 —ip;2
2 p I Zm (pl i«m ATI )
dpi, .| AT Xi—Xi1yo AT o (xi—xiq)
27t T<pl ! AT ) 2m AT?
Zm 1, WiTri)” (x;— xl 1)
- 2 At;
27'( ATZ\F
m ity
2TAT;

Ar = The virture time Green’s function

ZﬂAT

N 2
G(xb/ Xa, T) == /dX1 te dXN_l H(xi’e_ATing ‘xi71>e_ATiV(xi—1)
i=1

2
b i) =V(xi1))AT

N m (_E AT.Z
= /dxl"'de,1H 27TAT'€ i
j 1

:Ay/p[x( —Jy G5+ ()

In phase space

2
_AT -
ATl 2m

2
L XX ps
Api (ipi 5=~ )T

]xi,1> = o Ti

(xi|e

dpy  dpy 1 (ip BV ))an
G(xblx ’ /dX] dXN 1 . 71_‘[ ! 2m i i
! 27T 27 T

= [ DIx(®)DIp(t))e o 47 GtV -ins)
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5 The relation of corelation function

Define the corelation
iGP(t) = (T[O2(+), 04(0)]) and  GF(r) = (T[0x(1), 1 (0)])
For more general situation

iGP(t)]r>0 = (O2()01(0))
iGP(t)]t<0 = 7(01(0)O2(t))
iGF(1)[1=0(0a2(1)01(0))
iGP (T)]1<0m(01(0)02(7))

If # = +, correlation function was called Bosonic. If 7 = —, correlation function was

called fermionic. Notice that the operator is not necessarily Hermitian.

(| O2U(£,0)O1|¢n)
(Wu|U(,0)[1hn)

(Y |O1U(0, £) Oz |y .
U 0Ty 2 PrlOr (WOl

We can get the spectral decomposition of GF(t)

{$u]O2(£)O1(0) |9} = = Z<¢nloz|¢m><¢m|01|¢n> (en=en)t

(n]O1(0)O2(t) [¢pn) =

o bt
G (10 = (0101 (0)) = T (02()01(0) )

- ‘36 n

= L#a[02(101(0) )=,

ﬁenfi(emfen)t

Z anIOz\le lpm|Ol|lpn>#

ot
iGH(D)lico = 1(01(0)02(1)) = Tr (O1(0)0x(1)* -
—Bey

= 1 (4l 01 (0) 0 (1) )

e—ﬁen-i-i(em—e,,)t

=1 Z<¢nyol‘¢m><¢m|02|¢n>f
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Spectral function

€n

AL (v) = Y 6[v — (em — €n ]<¢n\Oz\¢m><¢m!Oﬂ¢n>

, o
AP (v) = Y 8l + (e — )] (¢ulO1] ) ($inl O ) —
We can get that
iGP ()]0 = / dv AP (v)e "
iGP(t)|t<0 = /dvA'i(v)e’i”
Notice that spectral function can be write
.Ben
AL (@) = L WulOaln) (|01 )= 00 = (e — )]
/5(€m+€n)
=e 7 Z<¢n‘02|¢n1><¢m|01’¢n>7‘5[w — (€m —€n)]
2<’~Pn|olw’m><¢M|OZ|¢n> [‘U"‘(em_en)]
ﬁ(€m+€n)
= Z<¢n101\¢m><¢mloz|t/»n>—6[w + (em — €n)]
/5(€m2+€n)
= Z<¢n‘02|¢m><lpmloll¢n>75[w— <€m—€n)]
(m < n)

The relation between Aﬁ and Aﬁi
Af () = e AP (w)
Introduce the retard Green’s function and advance Green’s function

Gt =e(t)GF(t), GP(He(—t)GP(t)
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In frequency space

+o0 .
GF (w) = /_ _dte()Gh (e
400 ,
= [ dtGA (1) isoe™
0

+o0 /Se

= Jim (=) 2 <¢n|Oz\¢m><¢m|Ol|¢n>

e=0t m W — (ém — €n) + i€ Z

(w (em—en)+ie)t

GFw) = [ " 0 (—1 G (et

—0o0

0
_ / dtGP ()<
€

O .
= lim - ’72 ¥n|O1[Wm) <l/’m‘02|1/7n> gl (@ (en—en)—ie)t

e—0t

Ben
— lim 172 lpn‘olw)m (Y| O2|pn) e~

e—0+ (em —€y) +ie Z

We can find

/d —v+10+

dv
/ —1/—10+
w :/ dtGP (t)e'!

_/ dH(O(t) + O(—1))GP(£)ele!
= /_ dtGﬁ(t)e“"*+/_wdtG‘f(t)ei“’f

= Gﬁ(w) +GP (w)

Aﬁ
/ w — 1/+10+ / w—v—i0t

The response function is defined as

DA(t— ) = T —i0(t — £ )l Oa(£)01 (1) — 101 (E)O(0) )

n
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Let
DP(t—t')=DF(t—+)+DE(t - )

—Ben

Df(w) = [ dr T —0() (yn[02(OM¥) ) e

€n

—i(em— en)relwt

_/ 4 Y —ie(r) (90102l (9|01 )

em €n +l€)

= lim Z<¢nloz\¢m><¢m|01!l/)n

Z lpn‘OZWm (Y] O1|9pn) e Per
— (ém —€n) +i0T  Z

—Ben

DE(w) = in L0t = ) (9al O1 ()0 (1) ) =

i(em— e,,)’rezw’r

=iy [~ at0() Y (9a[O1 ) (P O2lip)

mn

€n .
ez(w+(6m —€,)+ie)T

~ lim i /°°dr2<¢n|oly¢m><¢m|oz|¢n>ef

e—0t

wn‘ol|¢m><1pm|02’¢n>e Ben
UZ —en) —i0"  Z

We can see

/ w—v+10+ / w—erzO+
The correlation function GP and response function Df was determined by spectral func-
tion Ai.

Imaginary time Green’s function

GP (12, 1) = Tr{T:[O2(12)O1(11)]p}

)
_ TV{TT[OZ(TZ)Ol (Tl)]eﬁﬁH}
Z

where 0 < 11,2 < B. GP(12, 71) can be also write as
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1. m>mn

Tr{O2(12)O1 (11 )e P}
Tr(ePH)

Tr [eTZHOZe—TzHeﬁHOle—TlHe—/SH]
Tr(e—PH)
Tr[e~(F-2IHQO, e~ (m—1)HQ, ¢~11H]
Tr(e=PH)

GP(n, ) =

2. 11>

TT{Ol (Tl)OZ(Tz)Ef'BH}
Tr(e=PH)

Tr [eTlH01€7T1H€T2H02€7T2H€7'BH]
Tr(e=PH)
Tr[e~(B-1HQO e~ (m-2)HQ,e~mH|
Tr(e—PH)

Green’s function content the following conditions
GP(n,1) =G/ (n—1,0) = GF(n—m), GF(r) =nGP(t+p)

We prove the GP (1) = nGF(T + B).

proof51 T=1—71,0 < 1,2 < B. Hence —p < 7 < B.
We have the condition —B < T+ B < Band —B < T < B for GP(t + B) and GF(T). So

the problem we will proof is

GP(t) =nGP(t+B), B<T<0

Tr[e"HO,e~ (THHH O,
p —
NG (t+p) =1 Trle PH]

_ Trle PHOe™HOe ™) 8
— Tr[e—PH] = 9°(7)

The spectral representation

efenﬁf(emfen)r

gﬁ(T) Z<¢n’OZ|¢m><¢m|Ol|lpn>#r >0

mmn
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*en,B‘F(em*En)T

Z Yul O1 |} ¢m|ozy¢n>#, T<0
iGP(t) = GP (it + sgnt0™)

The real time Green’s function can be computed by imaginary time green’s function.

Due to

GP (1) = nGP(t + B)

For the s =1, w;p = 2nN. For the y = —1, w;p = 27t(N + %) In frequency space

B .
= [ dtGP(7)|r=0e™T
0

- [ ﬁdr2<¢n\oz|¢m><¢m|olr¢n>e_e

_ Z l/Jn|OZW’m <¢mlol‘¢n> [iwlf(emfen)]r p
B iw; — ( en) Z 0

nﬁe[iwﬁ(emfen)]r

5 O O] 2 -y
o zwl

(em —€n) Z

The period condition of Green’s function

When the # = 1, The w; = 27N

elw,ﬁ — 627TN -1

When the 7 = —1, The w8 = 27(N + 3)

plwip — 2n(N+3) — 4
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We have e/“f = 7.

_ (Y| O2|Pm) (Y| O1 | ) e P iwiB—(em—en)p
_% iw; — (em — €n) 4 (e -1

_ E (W |ZOZ|1PM><¢m|Ol|4’”> il (qe—(em—en)ﬁ -1)

.wl - (6 - en) Z
-y (Y| Ot (|01 1) e~ P — ye—enP
mn Zwl ( - en) Z

In Wen’s book, Wen consider the situation of w; = 0, €,;, = €, for avoid divergence. He

substitute the above formula for the following

p _ v (9|02 W) (@ [Oa[pn) e P — (37 + 8)e P
GPlewn) = =), iw; — (€ —€n) + TS 4

mn

Thed is a small complex number. But I find the kind of analytic extension doesn’t make
sense. Actually there is no divergence in w; = 0,€, = €,. We can take a limit compute

in the condition w; = 0,77 = ¢™“F =1

_ (Yn|O2| ) (Y] O1|py) e~ P — ye=cnb

eii_rg” _(em - en) V4
lim — (u|O2|m) (| O1 ) e=mP — e=enP
€Em—€n Z —
1|02 W) (W |01 ) .
a0l - g
eﬂﬁ

<l/7n|02‘1/)7n><1/)m‘01|1/7n>
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_ Z <lpﬂ|02|lpm><lpm‘ol|lpn> e—€nP _ Wefemﬂ
m,n 1

iw; — (€m — €) Z
(9] O2| ) (P | O1 [ ) e~ P (] O2| @) (| O1[pu) e
mz‘n iw; — (€m — €n) Z + 17"% iw; — (€m — €n) Z
(m <> n)
(| Oa2[thm) (Ym|O1[¢n) e P (P |O2|n) (Y| O1 o) e h
- % iw; — (em — €n) Z —H7mZn iw; + (em — €n) Z
— <l/)ﬂ|02’1/)m><lpm‘01|¢n e P Z an\Ol!le <¢m,02‘1/’n> —enf
m,n iw; — (Gm - eﬂ) z 1 iwy + (em - en) V4
_ <¢n|o2|¢Tn><¢mlol|4’n> <¢n|01|¢M><¢m’OZ|4’n> enp
- MZ[ iw—(em—e) T i (em—en) ] Z

Using - = P(}) —ind(x)

: . n @) m m O n n (@) m m O n €np
P00~ [HOO 1 S0l iol)]

mn

:_%B%mmwwmawo@<m4;_%ﬂ—mﬁ“*%‘%w

—4M¢A0ﬂ¢mﬂwmmbwm>(p(a%+&;__&0>__ﬁﬁ&d+(an_€”))}e;w

Pliv) = w—i0") = —
G (iwy = w —107) W= (em—€x) — 107 T —w— (em — €n) + 07

(i Oalin) (BulOr9) | . (IO ln) (| Oal) ] &5
mzn[ 2 1 n 1 2 ] .
= — . ind(w — (e — €
=~ [ @l0atp) (il (P (g ) + 1700 (en =)

1 ul0ln (02t} (P (i ) imoto + (en—e)) |
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Computing
1 . . . )
Z[Qﬁ(zwl — w +i0T) — GP(iw; — i01)]

-2 Z —2imté(w —€)) (Y| O2|Ym) (PO 9n)

—Enﬁ
=17 (|01 [n) (n| 02 ) (=207)0(w + (e — €0))]

Z (€m — €n)) (Yu] O2]m) (Y| O1] )

_gnﬁ
—n7o(w + (€m — €n)) (Y| O1]m) (|O2|Pn)] %

_Enﬁ

B Y | 76(@w — (em — ) (Wl Oalm) (4l O1 )
eemﬁ]

*Gn,B efem,B
:Zné(w—( —€n))<an|OZWm><’~PM\Ol|¢”>( z 17z >

(m+ n)
7L‘B em—enﬁ _€m—€n/g
e 2 —ne 2

—n7t6(w — (€m — €n)) (¥u|O2|m) (Ym|O1|n)

= Y 706(w — (€m — €n)) (POl m) (s O1 [ ) =

_ (em+ten) ;B

= ¥ 78(w — (e — €0)) ($al O ) (¥ O1 ) S — (% — e %)

__Emteén

w e~ "2 P
AL (@) = ¢ (9210219 (9l O} ——0(w = (en— 1)

m,n

— L [gﬁ(iwl —w+i0") — GPiw; = w — iO*)} 5 = ! =
2711 ez —;7@_7

_ L (G (i) — w +10%) = GP(iwy = w —i0%)] 1+ -
27t l : b —y

—(1+ nnq(w))% [gﬁ(iwl — w+i0") — GPiwy — w — io+)}

_ €m+€n

AP (@) = e % Y (a|Oa ) (Y] O1 ) [0 — (€m — €n)]

m,n
1 . . . _bo
= %[Qﬁ(wl — w+i0T) — GP(iw; — w —i0T)]e 2 S T

- n”(w)ﬁ[gﬁ(iw, S wi0Y) — GP(iwy — w — i07)]
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Where 1 (w) = np(w) = eﬁ‘”%l’ n_(w) = np(w) = ﬁ This relation allows us to

decide GP and DP from GP
D(w) = —GP(iw; — w +i0")

Fourier transform of G () is not commutative with analytic continuation.

If we analytic continuation first,
iGP(t) = GP (it + sgnt0™)
If we Fourier transform first,
D(w) = —GP(iw; — w +i0™)

For T = 0K
1. D(t) = 20(t)ReG(t)
2. iG(t) = G(it + sgnt0™)
3. D(w) = ReG(w) + isgnwImG(w)
4. D(w) = =G(w)liw—sw-+ior
ForT # 0K
1. DA(t) = 20(t)ReGF (1)
2. iGP(t) = GP(it + sgnt0™)
3. DF = G (w) + (G (—w))

4. Dﬁ(w) = _gﬁ((f‘]l)|1'a);—>o.7—§—i04r

6 BT
B e IA TR E AR T R TR
iG(xp,tx,0) = 27ri$r(:(0w(ﬁ) exp {2;?:5301} [(x% + x2) cos wot — 2xbxa]}
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7 interaction Boson system

7.1 Freedom Boson system

EE—AMN-BOF RS, KRG, Kb v =11
H=H)@Hi®  QHN®D -

4 {AHilberts 8] &

|nk1nk2 R >

Horng = 0,1,2, - - & BORIFACE A5 | K) FR B T 0N 8 g e, -+ ) (RS R 2
k2
E — gﬂnk

Bt 7Hilbert 4 [8] — K & 7R LA 2 1k T4 1E& I Hilbert 22 18] , 25 RE A WAVE 26 A 5
IR T Rk = 2 (ny,ny, - -+ ). AT L B S R # R AH EL 7 | e, 0 2 4

EAE Rk
k2

Hy = erata € = —
k ke €k = 5

BRI TR N
N =Y afa
K

BRI ar0) = 0, BN HEES, RRRAHOTIE. Hils RNk IINE
Tl NA A B ]

|k1...kn) = Caf ---af [0)0
XRCRH—EE. WA SNk EAMFEN AHGC = 1. X THES: R4, v LU H
a(x) ! Y age™
= = k
vV T

e "
a(x) = /(27T)dakeik"

37



al () TEXAEF= A — AR . FAVENIE |ky - - - ko) FIAR AR bR £
w(xll. .. ,xN) — <x1 . xN|k1 . kN>/ |x1 . xN> — a-r(xl) e a+(xN)|0>

a(x) = ﬁ o e NI B AT DA B A bR R b i 20

H= Zﬁa*a
o — 2m Kk
_ Zkz/ddxddx/a'l'(x)a(x/)eik(x—x’)
p 2m
:Z/ddxddx/a+(x)(_ld2a<xl)eik(xx/))
P 2m dx?
:/ddxddx/aJr(x)(—ldz)a(x’)é(x—x’)
2m dx?

2
= [t ()~ 5, 2 al)

TRt () () TR BT €6 T8, TR S 6 T35 P B
p(x) = a'(x)a(x)
TR RS T
iG(xf — xi,t) = (0la(xys, t)a' (x;,0)[0) = (Ola(xf)e "Ma’ (x;)|0)
Xt b AT {8 LA A ]
iG(k, t) = /ddxfddxiiG(xf - xi,t)eik"feik"f
= (0| /ddxfddxia(xf)e_itHa+(xi)eikxfeikxf|O>
— (0la_e~"af|0)

TR - ORIk pR B IR 2 W B B 7 AR K AT S R a0 O TR O, 1R
Ji AR A F Wick g 3
theorem 7.1.1 T EI) A Ay, al 9 &M B (A = [ dk[u;(k)ay + vi(k)af]). T

HHV =TI A Vi, = T iz, Ais RN[VIAFHEFVE ERF, LA LS
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,iéak\0> =0.

V= N[V] + Z N[Vi1,]'1]<0|Ai1A]'1 |0> + E N[‘/illj]/iZIjZ] <O|Ai1 A]l ‘O> <0|A12A]2|0> +e
i1<j1 i1<j1
1n<J2

(i1j1)#(i2,72)
;d(—‘#’ (11,]1)/%{5711 < ]1%;5)?’5&

7.2 Practice

problem 7.2.1 Regular sorting of O = aata', using Wick theorem to produce correct results.

proof 7.1

:0:=atataa

O = a'a’aa + aa(0|a%a®|0) + a*a(0|aa’|0) 4 a%a(0|aa’|0) + a*a(0|aa’|0) + a'a(0]aa’|0) + aa(0|a*a®|0)
=a'a'aa + 4aa(0|a’a’|0) + aa(0|a’a’|0)

problem 7.2.2 Computing (0|aataa®|0)

proof 7.2
(0|aaaa®|0) = (0|a%a|0)(0|aa’|0)

problem 7.2.3 3.1.2
iG(x,t) = (Y¥o|T[a(x,t)a(0,0)]|¥o)

1. 0
iG(x,t > 0) = (¥ola(x,t)a(0,0)|¥o)

2. t;0
iG(x,t <0) = (¥ola(0,0)a(x,t)[¥o)

iG(x,0) — iG(x,07) = (¥o|[a(x),a(0)][¥o) = [a(x),a(0)] = &(x)
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Consider t > 0

iG(x,t) = (¥ola(x, t)a(0,0)|¥o)
= (Yole™a ( )e~Ha(0 )I‘I’o>

\I; |eth Ea ezkx —iHt Za |lII0
- Z Toleth lHta,t/|"P0>€ikx
kk/

72 Yolagal, [¥o)e kx—ext)
14 kk'

=7 % Wolafiay + S [Fo)e! )
Total momentum operator: P =}, pa;r,ap
[P,H] =0 (Translation invariance)
Computing [P, afay]
P, afa) = Y- plalay, ]
p
- ; p {[a;ap,a,t,]ak +aj [apap/,ak]}
=Yp {[a;r,,a,t,]apak + ajlap, aplag + af [a}, ala, + ajayay, a] }
p
— Zp: p {a;(SPk’ak - a,‘:/épkap}
= (K — k)a}.a;

Due to [P, H] = Yy &[P,afa] =0

(K —k)alar =0

40



which implied (¥o|a},a|¥o) = S (Folafax|Fo)
( II[()’akak“}fo 1kx_|_eikx) o lext
0

|4
ikx
—_ [ ZU kel fzekt
- (v e

iG(x,t) — %e’iekt #0

When x — oo

which means ODLR

8 WEREHEL
6L T ROBERUR, 52 2 a. W3R T A L 777

PR 2% AR A A5 b AR 4 M AR, 308 I % A RS A2 0 5 2 1 R TR 5 mT LU R SR AR, Rl
fEr > 0887 s IR . E 5 RE 2 Bessel Ji 12, fif A5/ 2 A2

00 1

W(r) =Y Y Apuljim(kr) — tanamn (kr)] Y, (Q)

=0 m=-1

Forrp (o) Ay (x) R R ULZE R o BOMER VA 1K 2 BREE, Y7, () R BRUE pR AR X HLIZR 7S MR
SR Z BRI B &, m iR 75 N5 Mp(a) = 0F

1 (ka
anin = ]l((kﬂ))
X s =0 _
io(x) sin x n(x) = _cosx
x x
BT
o = —ka
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1 sink(r —a)
coska kr

P(r) o jo(kr) — tannong(kr) =

- r2or \| or 1% sin 0 060 6 12 sin? 0 0¢?

,sink(r —a)  sink(r —a) ,sink(r —a) 2

1 1
v = = p v2;+;v p — 5 cosk(r —a)
in ka sink(r —a)
= 475(r) 2 g2
kr
JiTEA
2 | oy sink(r—a) sinka  tanka 9 [ sink(r—a)
(Ve+k )T =47(r) p =4 . 5(r)& (rkr)
5E R AFLT )
47th” tank 0
VR () (r) = =28 () < (rp(r))
B 7 AR AT AU
n* V2
[‘ 2(M/2) " V”Se”d"(r)] $(r) = Ey(r)

FCAE = WP A, T A% PR T LU Bk

1d
@a i = —kcotka
TEARRE PR T 2940 ik 4
im )| T2

(AR R VPseudo A0 R JE K. R BRI, REREIEHR, ko < 1

tan(ka)
k

1
=a+ E(ka)Zreff +---=a+0(a®
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Horhirepr = Sa, R ELAE A B, 2010, TR 2910 i

B 4rth’a 0

Vpseudo (7’)

10U = 4300 ey bR M7 B A R, TR T VS BV (r) = Uod(r). #5080 135
Ve, S 2 p 5 AR, T N B, AL 90 B B

2
0
iV o Y dri— )5y
ij

H= -
M i<j

M-

Il
A

/ﬁ\:qui]’ = |1’i — 1’j|

9 BRFI
ELBE T IO BB RNH = ¥y exafay, F7BA0)FoRMIHL RGTE AT B 6 T IR
5. TIN- 1 E 3 6 4RI FE 0RO 8 TR Ak = 0N (TR,

R PN,
[¥o) = ﬁ(“o) |0)
FONHE AN T RIS, BT EARR T LU, A ARG RSk A% -2 A
1EH .

H = ;(ek —w)ata, + /ddxddx/ip(x)V(x —x")p(x")

MG B R G AR B AT RS, V(x) &% - AR TAER, w i EH. (53
AR RGUAAE — E BRI B T B0 (8] $5 RE TS A

V= /ddxddx';p(x)V(x —x"p(x")

1 1 H !
— /ddxddx’i Zpk/efzk XV(X o x/>pkefzkx
kk!
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Wit —x' = g, 25 =y

V= [ deng T pk)e H v (@pe HD

kk/

/dﬂdCZPk' Pke k+k)17€—1(k’ k)%
kk'

- %
=3 /dC;P—kV(C)PkEZké = 5 LP-kVipr

k

HFo(x) = at(x)a(x),a(x) = are™*. FrLAf5 3

pg = /dxp x)er = /alanr x)a(x)e'r™

— dx ale zkx zkx qu
v [

Kk

(K —k—
= /dx Y afage Kk =3 Eak+qak

kk'

V= 2 abi_ i) Vo (ag y 40r)
2V o

A [akuahq] = O joyq- W LA EI

H=Ylee—pu+V(O)afar+ = Y Voaf ak+qak,ak
p 2V ¥ kg

FER T IS T A Z BRI T L ik = 03

(¥olabao¥o) = No, Y 1 < No
k0

/ﬂfi§U<‘P0‘(loa0ﬂoa0"Po> = N()(N() — 1) ~ Ng"
FENoEY L, ag, al AT NEBLT B XA LU T LA/ NoHAao, af. A0 AR I
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BT LA

Voadadagag + Z V_radada_ra, + 2 Voabalaoay
k#0 k#0

1
H= Do ut VO)alas + 55

+ Z Vq”o” agao + Z V_ kakaoaoak + Z Voak,aoak/ao + Z Via _qaqaoao
k£0

5E Lpo = AP = ”O“U , XHITag ~ af = /No. & IFFEZETAT LA F]

Hpean =) _(€x — w)ata, + pz—o Y [Za,takVo +alar (Vi + Vog) + Voga_gap + Via® af + O((ak¢0)3)]

k k20
Vv,
= Z[ek u+poVo + '02 (Vk +V_ )]aZak - VP%V() + EPOV() + {;) Z(V,ka,kakaaikaZ)
k20

0
= Z € — :uk akak Zp%VO + p2 Z(V_ka_kakvkatka,t)
k k#0

Hodul, = u—poVo — 3p0(Vi+ Vi), po = % X —A> IR BLRG i, F i BogoliubovZ
i

K = Updy + Ukﬂétk

%Hdﬂ%/@ﬁ@ﬂi%%%[&h DC;,] = 5k,k’- Xﬂ‘ﬁ%%)’é?—%ﬁ

B = /(e — 12 — g3 Va2

_ — 1
=\ T2 T2
Vi e —ul

WVl 2B 2

XF AL e
Hinean = Z Ek“lt“k - Z Ek‘vk|2
k£0 kA0

XEBH B fEk = 03, #h7Ek = it % )R 19 2

Hyean = Z lxltak + Qg
k20
1 , L2
0= T bew B0+ Vi oo+ L
k20
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ST 35337 08 N R) R S e VB K B U TR AR i ) S
“k|\Fmean> =0

X B O RN F RS R, o WOR B ORI, BHOCRA

1
Ex = \/[ek — 1 +poVo+ 5p0(Vi + Vi) ]2 = (o Vi)?
AILLE HE Y = poVOWE(k = 0) = 0, BRI = TCREBRI. #p < po Vo IHUK 1A HER.
Fin > poVo, RAREEARGE. RAMIESRERIE RIEHRTHTH B E Tk
%ﬁ&*ﬁ?ﬁﬁﬁjﬂ@%&%%*&d\ﬁ% = 0, R XA 2R H Np. Bt LERL 744

N = (¥ mean| Zaltak|‘ymean> = No + Z ’vk’2
k k

AR E R TR, M S is F AR B3 DR THRARE IR, e — pup — Ex =
e — 1f— /(e — )2 — pBIVi2 = O(VP)

1
Qg = V[(e+0 - p)po + 505 Vol

BAEOM, K Tp < 0, No = 0. X Fp > 0, 55 = 035Ny = . SRR LUHSEHN
RS

Ex = /€ + 2erp0ReVi — p3(|Vi[?2 — ReV2)
AT LLE HIEOR ST RERR. X Tk — 0.
2 _ Vo _ po d?

— 2 2
Ek—v|k|, (% T_EW(‘V](’ —Rer)

o} 7L ORS00, 9 LR TERERRAN
10 HEMFRARETREHRERY
B T RGN R N

Ho =Y (ex — w)afay
k
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A 2 A 5 BT AT AR SRR

iG = /DZ fdt[z (afax—ara;)—(ex—p)agax]

HAa(x) = ﬁ Y axe™ 15 5

iG = /D2[a(x,t)]exp {i/ddxdt [i;(a*(x,t)ata(x,t) —a(x,t)oa*(x, 1))

1 * *
—%Bxa (x,t)0ca(x,t) + pa (x,t)a(x,t)} }
RO T (B - A AR

/ddxdt;a*(x, Ba(x, t)V(x —y)a*(y, t)a(y,t)

FIBOMBEAFRV (x) = Voo (x), MIEAIFV, = Vo. IXFRERARAR > R K

iG = /Dz[q)(x,t)]exp (i/ddxdt {i;[go*(x,t)atgo(x,t) — @(x,1)0:9"(x, t)]

_i * 2 E 4
35 (5,000 (3, 1) 5 (e, O = Lo )1} )

K Fa(x, t) DL B PRI TR IR o (x, t). XFEAEH B R BLS R

1, . 1 %
s:/ﬁ%m%ﬂ¢&¢—@w)—2m%¢@¢+w¢3—

SEAHTFERGL = iz (a*a — aa®) — H, \TLARBE RGO RE RN
_ d i * _ 2 E 4
0—/dXLm%¢%¢ mw—+2wﬂ

S MBS TBALE, IR M pofiid. L MBS REREE

Qg 2 4
v = 1o~ + ’fPo’

1. j < ORPRIHIEL S po = O, ¥ T U (1) HFk

2. > OXBIHER g = | /fre® FTLUE A TR LU (1) AFRPERBEER T, By
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XN THE A = . REikE

0, u<o0
e, u>0.
SRy = O — A GBIRHBIEU(L), ¢ « P @B H FIa Bl MRE A2, Hil
wm%ﬂ%§¢:v%W$%EU(ﬂ@£ﬁﬁ% SR M A 0 R (6 PO TR 5
9 R R B . S AT fr 5 2 2 R 1.

SRS T LA LS A I P 5 BRI, MRS A LA ) o i
HAE I FE B8 LEU (1) 5 T (@) — e (@), FTLMES BRI T (@) = 0, FEIRFRA T () £

0.
FERCRAR R, 37 iR — R IR AL AR — ¥, I8 I T 5 @ SRk AT LUE 2K AR P

(9(x,1)9(0,0)) = [go|* # 0

fE(x, 1) — ORFFEANO. WHAREFF S Eo 5 KL H AR 1 A EAH

11 REEHABTEEL
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XHFU (1) X FrA o = 0

5= [ atxar {1310 (v 0010, 1) — 9l 019 (5,0)] = 51000 (5,005 1) + e 1, )|

Ptk I HZBE AT LLE L = i3[0* (x,1)0:9(x, 1) — @(x, )09 (x, )] — 550" (x,£)9xq(x, t) +
pe*(x,t)p(x, t)
) FH 4% BA Eﬁﬁam(g—f@ — 9L

dg

. 1
(zat+ﬂ+y)(p—0

R A, — w, —idy — KE R EI RIS R

k2
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STRRAHIIL S < 0, ST RIBERRA = —u, RoRI— N1 T EN G E
ST A e = (14 ¢)goe’, 0, preSEE

1 i i 0
S = /ddth{lz |:(1—|—(P)g00€ i0 (atcp(POee‘i‘(l“i_qb)(POeGlatQ)

— (14 ¢)poe” (atqbq)ofw +(1+ ¢)<poe’i9iat9)}

1 ‘ . ‘ . o
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Vi
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2m
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GALPEECE
S = /ddxdt{—(1+4>)2 ate— 5 [(0x)* 05 + (1+ ¢)295(0:0)°]
+u(1+2¢+¢2)¢%—‘f(l+4¢+6¢2+4¢3+¢4>¢3}
g bR, FyiE R
5= [ dixat { —goi0 29 ae—f( 0)20% — —— 02(3,0)?
P09t P09t x 5y, P00k
= 10+ 21p90 + 1P — 70(/)3 — 2Vopgs — 3Vo¢24>‘5}

FER Bl — Lop R H B TATN T B MR T ARIE BUR (076 3 K&, #i 2
gt o K

1 1
5= [ st | ~g300 — 51 gH0.07 ~ 230010 — 5320 ~ (~1ug3 + Vogh)e?]
N TAFENRBEIUR, X = BERUR oz R AL 7y

‘= / D[O(x, )] D[¢p(x, t)]e! | 4" ¥t 9300~ 595(2:0)" ~2050:00 +¢ (5 9505 — (o +3Vo) )]
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BT A

4
Zopf = /D[G(x,t)]exp i/ddxdt —ﬁq)g(axe)ua 6 %o 9:0
—H@3 +3Vogh — 45 (3)
. 1 @3
— [ Dlb(x, )]ex z/ddxdt—zae——2892+89 0 3,6
| DibG, )] p{ [ #3010 = 5 P00+ 00— e

d PO
_/D (x,1)] exp{ /dxdt[ %89) —|—2V0(8t9)]}
X HL2WE T — @200 TR 4 B9 TS 1) T — /M 201E I B (XY B
_ d 1 2 Po 2
Seff = / dixdt {2% @02 - £2(@,0) }
Nz = 915 5
1
Seff = /ddxdt [ZVO‘BZF — ﬁ‘axZF]
NP BA H 7R AT AR 238 3 77 18
1 2 4 £0 ~2
(—voat 8 2)0 =0

i B R 15 2 T HIOR &R

SINSH MG T — Ao = —Agp™ e

1 1
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