
X.G.Wen Note

C.X.Lee
Institute of physics, Chinese academy of sciences

2019年 9月 25日

1 Functional differentiation

The differentiation

F[ f + εg]− F[ f ] = ε · DFf [g] + O(ε2)

where the linear differential DFf is a linear functional.

DFf [g1 + g2] = DFf [g1] + DFf [g2]

A functional F is said to be stationary of f , if only if DFf = 0. We need to Compute the

differential DF.

F[ f ] −→ F(f) f = { fn ≡ f (xn), n = 1, 2, · · · , N}
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图 1: Discrete vector f = { fn ≡ f (xn), n = 1, · · · , N}

1



f←→ N-dimensional vector space

F(f)is a function defined over N-dimensional space.

The ordinary differential defined through

F(f + εg)− F(f) = ε · dFf(g) +O(ε2)

In a Cartesian Basis of N unit vectors, en, n = 1, . . . , N, dFf(g) ≡ 〈∇F, g〉

〈f, g〉 =
N

∑
n=1

fngn ∇Ff = {∂ fn F}

∂ fn F(f) = lim
ε→0

1
ε
[F(f + εen)− F(f)]

Thus

dFf(g) = 〈∇Ff, g〉 = ∑
n

∂ fn F(f)gn

The limit N → ∞, Discrete−→ Continue

〈f, g〉 = ∑
n

fn, gn 7−→ 〈 f g〉 =
∫

dx f (x)g(x)

The analog of the nth unit vector is a δ-distribution, en → δx, where δx(x′) = δ(x− x′)

fn = 〈f, en〉 = ∑
m

fm(en)m → f (x) = 〈 f , δx〉 =
∫

dx′ f (x′)δx(x′)

where (en)m = δnm

UNIT VECTOR←→ δ DISTRIBUTION

dFf(g) = ∑
n

∂ fn F(f)gn 7−→ DFf [g] =
∫

dx
δF[ f ]
δ f (x)

g(x)

δF[ f ]
δ f (x)

= lim
ε→0

1
ε
(F[ f + εδx]− F[ f ])

Chain rule
δF[g( f )]

δ f (x)
=
∫

dy
δF[g]
g(y)

∣∣∣∣
g=g[ f ]

δg[ f ]
δ f (x)
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Talor series:

F[ f ] = F[ f̄ ] +
∫

dx1
δF[ f ]

δ f (x1)

∣∣∣∣
f= f̄

( f (x1)− f̄ (x1))+

1
2

∫
dx1dx2

δ2F[ f ]
δ f (x1)δ f (x2)

∣∣∣∣
f= f̄

( f (x1)− f̄ (x1))( f (x2)− f̄ (x2)) + · · ·

2 Compute path integral

2.1 Discrete compute

iG(xb, tb, xa, ta) =
∫

D[x(t)]e
i
h̄

∫ tb
ta dtL(t,x,ẋ) =

∫
D[x(t)]e

i
h̄ S(xb,tb,xa,ta)

In semiclassical limit situation, S ≥ h̄ = 1. Phase eiS changes rapidly, and contributions

from different paths cancel each other out.

S[xc(t) + δx(t)] = S[xc(t)] +
∫

dt1
δS[x]
δx(t1)

∣∣∣∣
x=xc

δx(t1)+
∫

dt1dt2
δ2S[x]

δx(t1)δx(t2)

∣∣∣∣
x=xc

δx(t1)δx(t2)+ · · ·

Near the stable path xc(t)
δS

δx(t)

∣∣∣∣
x=xc

= 0

S[xc(t) + δx(t)] = S[xc(t)] +
∫

dt1dt2
δ2S[x]

δx(t1)δx(t2)
|x=xc δx(t1)δx(t2)

example 2.1.1 (Freedom particle)

iG(xb, tb, xa, ta) =
( m

2πi∆t

) N
2
∫

dx1 · · · dxN−1

N

∏
j=1

exp

{
i
m
2
(xj − xj−1)

2

∆t2 ∆t

}

Near the classical path

xc = xa +
xb − xa

tb − ta
(t− ta), Sc =

∫ tb

ta

dtL =
m(xb − xa)2

2(tb − ta)

Consider the quantum fluctuation

xj = xc(tj) + δxj, tj = ta + j∆t
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iG(xb, tb, xa, ta) =
( m

2πi∆t

) N
2
∫

dx1 · · · dxN−1

N

∏
j=1

exp
{

i
m

2∆t
(xc(tj)− xc(tj−1) + δxj − δxj−1)

2
}

=
( m

2πi∆t

) N
2
∫

dx1 · · · dxN−1

N

∏
j=1

exp
{

i
m

2∆t
[(xc(tj)− xc(tj−1))

2

+2(xc(tj)− xc(tj−1))(δxj − δxj−1) + (δxj − δxj−1)
2]
}

=
( m

2πi∆t

) N
2

eiSc

∫
dx1 · · · dxN−1

N

∏
j=1

expi
m

2∆t
[2(xc(tj)− xc(tj−1))(δxj − δxj−1) + (δxj − δxj−1)

2]

The first order term vanished

iG(xb, tb, xa, ta) =
( m

2πi∆t

) N
2

eiSc

∫
dx1 · · · dxN−1

N

∏
j=1

exp{i m
2∆t

[(δxj − δxj−1)
2]}

=
( m

2πi∆t

) N
2

eiSc

∫
dx1 · · · dxN−1exp{i m

2∆t

N

∑
j=1

[δx2
j + δx2

j−1 − 2δxjδxj−1]}1

=
( m

2πi∆t

) N
2

eiSc

∫
dx1 · · · dxN−1exp{i

N−1

∑
jk=1

δxj Mjkδxk}

=
( m

2πi∆t

) N
2

√
πN−1

Det(−iM)
eiSc

Boundary item δx0 = δxN = 0. The summary do not contain j = 0, j = N term. The sum can

be take place ∑N
j=1 → ∑N−1

j,k=1

M =


2 −1 0 · · ·
−1 2 −1 · · ·
0 −1 2 · · ·
· · · · · · · · · · · ·


For general quadratic Lagrangian

L =
1
2

mẋ2 + b(t)x(t)ẋ(t)− 1
2

c(t)x2(t)− e(t)x(t)

iG(xb, tb, xa, ta) =
∫

D[x(t)]e
i
h̄

∫ tb
ta dtL
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Bound condition: x(ta) = xa,

x(tb) = xb, .

Define fluctuation

y(τ) = x(τ)− x̄(τ)∫ tb

ta

dτL = S[x(τ)] = S[x̄(τ) + y(τ)] = S[x̄] +
1
2

∫ tb

ta

dτdτ′y(τ′)
δ2S

δx(τ′)δx(τ)
|x=x̄y(τ)

Now compute the action of quadratic Lagrangian

S =
∫ tb

ta

dt
1
2

mẋ2 + b(t)xẋ− 1
2

c(t)x2 − e(t)x(t)

Take variation

δS
δx(τ)

=
∫ tb

ta

dtmẋ
d
dt

δ(t− τ) + b(t)δ(t− τ)ẋ + b(t)x(t)
d
dt

δ(t− τ)− c(t)x(t)δ(t− τ)− eδ(t− τ)

= −mẍ(τ) + bẋδ(t− τ)− bẋ(τ)− cx(τ)− e

δ2S
δx(τ′)δx(τ)

= −m
d2

dτ2 δ(τ′ − τ)− cδ(τ′ − τ)

Thus

1
2

∫
dτdτ′y(τ′)

δ2S
δx(τ′)δx(τ)

|x=x̄y(τ)

=
1
2

∫
dτdτ′y(τ′)

[
−m

d2

dτ2 δ(τ′ − τ)− cδ(τ′ − τ)

]
|x=x̄y(τ)

= −1
2

∫
dτy(τ)(m

d2

dτ2 + c(t))y(τ)

=
∫

dτ(
m
2

ẏ2 − 1
2

cy2)

iG(xb, tb, xa, ta) =
∫

D[x]e
i
h̄

∫ tb
ta dτL = e

i
h̄ Sc

∫
D[y]e

i
h̄

∫
dt(m

2 ẏ2− c
2 y2)

Discrete and define iG̃(0, tb, 0, ta) =
∫

D[y]e
i
h̄

∫
dt(m

2 ẏ2− c
2 y2)

iG̃(0, tb, 0, ta) = lim
N→∞

( m
2πih̄∆t

) N
2
∫

dy1 · · · dyN−1exp

[
i
h̄

N

∑
j=1

(
m

2∆t
(yj − yj−1)

2 − ∆t
2

cjy2
j

)]
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where cj = c(tj), tj = ta + j∆t. Define η =


y1
...

yN−1



iG̃(0, tb, 0, ta) = lim
N→∞

( m
2πih̄∆t

) N
2
∫

dηe−ηTση

where σ = m
2ih̄∆t



2 −1

−1 2 −1

−1 2
. . .

. . . . . .

2 −1

−1 2


+ i∆t

2h̄



c1

c2
. . .

. . .

cN−2

cN−1


σ = iσ̃, σ̃ is Hermitian. σ = U†σDU. Det(σD) = 1

iG̃(0, tb, 0, ta) = lim
N→∞

( m
2πih̄∆t

) N
2

√
πN−1

Detσ

= lim
N→∞

√√√√ m
2πih̄∆t

1(
2ih̄∆t

m

)N−1
Detσ

(
2ih̄∆t

m

)N−1

Detσ = Det
(

2ih̄∆t
m

σ

)

= Det





2 −1

−1 2 −1

−1 2
. . .

. . . . . .

2 −1

−1 2


− ∆t2

m



c1

c2
. . .

. . .

cN−2

cN−1




= pN−1
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pj = Det





2− ∆t2

m c1 −1

−1 2− ∆t2

m c2
. . .

2− ∆t2

m cj−1 −1

−1 2− ∆t2

m cj




Laplace expansion

pj+1 = (2− ∆t2

m
cj+1)pj − pj−1

p1 = 2− ∆t2

m
c1

pj+1 − 2pj + pj−1 = −∆t2

m
cj+1 pj

pj+1−2pj+pj−1

∆t2 = −
cj+1 pj

m

Define

ϕ(tj) = ∆pj

d2ϕ(t)
dt2 = − c(t)

m
ϕ(t)

Notice that third-order determinant is 1. p0 = 1

ϕ(t0) = ∆tp0 → 0

dϕ(t)
dt

= lim
∆t→0

ϕ(t1)− ϕ(t0)

∆t
= lim

∆t→0
(p1 − p0) = lim

∆t→0
(1− ∆t2

m
c1)→ 1

Hence we can define that

f (t, ta) = ϕ(t), f (tb, ta) = ϕ(tb), f (ta, ta) = ϕ(ta) = 0,
∂ f (t, ta)

∂t

∣∣∣∣
t=ta

= 1

m
∂2 f (t, ta)

∂t2 + c(t) f (t, ta) = 0
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iG(xb, tb, xa, ta) = exp

[
i
h̄

Sc(xb, tb, xa, ta) lim
N→∞

√
m

2πi∆t
1

( 2ih̄∆t
m )N−1Detσ

]

= exp

[
i
h̄

Sc(xb, tb, xa, ta) lim
N→∞

√
m

2πi∆t
1

pN−1

]

= e
i
h̄ Sc

√
m

2πih̄ f (tb, ta)

example 2.1.2 Harmonic oscillator L = m
2 ẋ2 − bx− m

x ω2x2

iG(xb, tb, xa, ta) = eiSc

√
m

2πih̄ f (tb, ta)

m
∂2 f (t, ta)

∂t2 + mω f (t, ta) = 0

f (t, ta) = A cos ωt + B sin ωt, f (ta, ta) = 0,
∂ f (t, ta)

∂t

∣∣∣∣
t=ta

= 1

f (tb, ta) =
sin ω(tb − ta)

ω

iG(xb, tb, xa, ta) =

√
mω

2πih̄ sin ω(tb − ta)
eiSc

2.2 Continue compute

图 2: Figure 2

Firstly we compute the Gaussian integral
∫

Dxe−F[x].
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1. Find the stationary phase point x̄

DFx = 0⇔ ∀t :
δF[x]
δx(t)

∣∣∣∣
x=x̄

= 0

Maybe there are some stationary phase configuration x̄1, . . . , x̄s. But here we only

discuss the case in which the x̄ is unique.

2. Taylor series:

F[x] = F[x̄ + y] = F[x̄] +
1
2

∫
dtdt′y(t′)A(t, t′)y(t) + · · ·

where the A(t, t′) = δ2S
δx(t)δx(t′) |x=x̄. First order term is vanished.

3. The operator Â = A(t, t′) must be positive define.

∫
Dxe−F[x] '

√
2π

Det(A)
e−F[x̄]

4. If there are many stationary phase configurations, x̄i, the individual contributions

have to be added ∫
Dxe−F[x] '∑

i
e−F[x̄i ]

√√√√Det

(
Âi

2π

)

The fluctuation

r(t) = q(t)− qc(t)

〈q f |e−
i
h̄ Ht|qi〉 ' e

i
h̄ Sc

∫
r(0)=r(t)=0

Drexp

[
1
2

i
h̄

∫ t

0
dt′dt′′r(t′)

δ2S[q]
δq(t′)δq(t′′)

∣∣∣∣
q=qc

r(t′′)

]
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Compute δ2S
δq(t)δq(t′)

=
1
2

∫ t

0
dtdt′r(t)

δ2S[q]
δq(t)δq(t′)

∣∣∣∣
q=qc

r(t′)

=
1
2

∫ t

0
dtdt′r(t)

δ

δq(t′)
δS[q]
δq(t)

∣∣∣∣
q=qc

r(t′)

=
1
2

∫ t

0
dtdt′r(t)

δ

δq(t′)
δ

δq(t)

∫
dτ[

m
2

q̇2(τ)−V(τ)]

∣∣∣∣
q=qc

r(t′)

=
1
2

∫ t

0
dtdt′r(t)

δ

δq(t′)

∫
dτ

[
m
2

2q̇
δ

δq(t)
d

dτ
q(τ)− ∂V

∂q(τ)
δq(τ)
δq(t)

]∣∣∣∣
q=qc

r(t′)

=
1
2

∫ t

0
dtdt′r(t)

δ

δq(t′)

∫
dτ

[
mq̇

d
dτ

δ(t− τ)− ∂V
∂q(τ)

δ(τ − t)
]∣∣∣∣

q=qc

r(t′)

=
1
2

∫ t

0
dtdt′r(t)

δ

δq(t′)

(
−mq̈(t)− ∂V

∂q(t)

)∣∣∣∣
q=qc

r(t′)

=
1
2

∫ t

0
dtdt′r(t)

(
−m

d2

dt2 δ(t− t′)− ∂2V
∂q(t′)∂q(t)

δ(t− t′)
)∣∣∣∣

q=qc

r(t′)

= −1
2

∫ t

0
dtdt′r(t) m

d2

dt2 δ(t− t′)
∣∣∣∣
q=qc

r(t′)− 1
2

∫ t

0
dtdt′ r(t)

∂2V
∂q(t′)∂q(t)

δ(t− t′)
∣∣∣∣
q=qc

r(t′)

= −1
2

∫ t

0
dtdt′m

d2

dt2

(
r(t′)r(t)

)
δ(t− t′)− 1

2

∫ t

0
dtdt′

d2

dt2
∂2V

∂q(t′)∂q(t)
δ(t− t′)

= −1
2

∫ t

0
dtdt′mr(t′)r̈(t)δ(t− t′)− 1

2

∫ t

0
dtdt′

d2

dt2
∂2V

∂q(t′)∂q(t)
δ(t− t′)

= −1
2

∫ t

0
dtr(t)[m∂2

t + V ′′(qc(t))]r(t)

3 Linear response

3.1 Formula 2.2.9

iGx(tb, ta) =
〈ψ|Uθ(∞, tb)xUθ(tb, ta)xUθ(ta,−∞)|ψ〉

〈ψ|Uθ(∞,−∞)|ψ〉

The path integral

iGx(tb, ta) =

∫
D[x(t)]x(tb)x(ta)ei

∫ ∞
−∞ dtL∫

D[x(t)]ei
∫ ∞
−∞ dtL
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proof 3.1

−∞ 7−→ ta 7−→ tb 7−→ ∞

x(tb) = U†(tb, t0)x(t0)U(tb, t0)

x(ta) = U†(ta, t0)x(t0)U(ta, t0)

Transform from Schrodinger picture to Heisenberg picture

iGx(tb, ta) =
〈ψ|Uθ(∞, tb)x(t0)Uθ(tb, ta)x(t0)Uθ(ta,−∞)|ψ〉

〈ψ|Uθ(∞,−∞)|ψ〉

=
〈ψ|Uθ(∞, tb)Uθ(tb, t0)xUθ†(tb, t0)Uθ(tb, ta)Uθ(ta, t0)x(ta)Uθ†(ta, t0)Uθ(ta,−∞)|ψ〉

〈ψ|Uθ(∞,−∞)|ψ〉

=
〈ψ|Uθ(∞, t0)x(tb)x(ta)U(t0,−∞)|ψ〉

〈ψ|Uθ(∞,−∞)|ψ〉

=
〈ψ(t0)|x(tb)x(ta)|ψ(t0)〉
〈ψ|Uθ(∞,−∞)|ψ〉

= 〈x(tb)x(ta)〉

Define 〈x|ψ〉 = δ(x)

iGx(tb, ta) =

∫
dxdx′〈ψ|x〉〈x|Uθ(∞, tb)x(tb)Uθ(tb, ta)x(ta)Uθ(ta,−∞)|x′〉〈x′|ψ〉

〈ψ|Uθ(∞,−∞)|ψ〉

Using Delta function, the following formula can be derivated

iGx(tb, ta) =
〈x|Uθ(∞, tb)x(tb)Uθ(tb, ta)x(ta)Uθ(ta,−∞)|x〉

〈x|Uθ(∞,−∞)|x〉

Insert
∫

D[x(ta)]|x(ta)〉〈x(ta)| = 1,
∫

D[x(tb)]|x(tb)〉〈x(tb)| = 1

iGx(tb, ta) =

∫
D[x(ta)]D[x(tb)]x(ta)x(tb)〈x|Uθ(∞, tb)|x(tb)〉〈x(tb)|Uθ(tb, ta)|x(ta)〉〈x(ta)|Uθ(ta,−∞)|x〉∫

D[x(t)]ei
∫ ∞
−∞ dtL

=

∫
D[x(ta)]D[x(tb)]x(ta)x(tb)

∫
D[x(t)]ei

∫ ∞
tb

dtL ∫ D[x(t)]ei
∫ tb

ta dtL ∫ D[x(t)]ei
∫ ta
−∞ dtL∫

D[x(t)]ei
∫ ∞
−∞ dtL

=

∫
D[x(t)]x(ta)x(tb)ei

∫ ∞
−∞ dtL∫

D[x(t)]ei
∫ ∞
−∞ dtL

= 〈x(tb)x(ta)〉
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3.2 The harmonic oscillator

The Hamiltonian is

H =
p2

2m
+

1
2

mω2
0x2

ṗ = −∂H
∂x

= −mω2
0x

ẋ =
∂H
∂p

=
p
m

The Lagrangian

L = pẋ− H

= pẋ− p2

2m
− 1

2
mω2

0x2

Integrate to Lagrangian

∫
dtL =

∫
dtpẋ− p2

2m
− 1

2
mω2

0x2

=
∫

dt
1
2

mẋ2 − 1
2

mω2
0x2

=
∫

dt
(

1
2

m
[

d
dt
(xẋ)− x

d2

dt2 x
]
− 1

2
mω2

0x2
)

=
1
2

m
∫ ∞

−∞
dt

d
dt
(xẋ)−

∫
dt
(

1
2

mx
d2

dt2 x +
1
2

mω2
0x2
)

Due to the bound condition x(±∞) = 0

∫
dtL = −

∫
dt

1
2

x
[

m
d2

dt2 + mω2
0

]
x

Generating functional

Z[E(t)] =
∫

D[x(t)]e
∫ ∞
−∞ dt[L+E(t)x(t)] (1)

First we define the functional derivative , δ
δJ(x) , as follow. The functional derivative obey

the basic axiom (in 4 dimensions)

δ

δJ(x)
J(y) = δ(4)(x− y)

δ

δJ(x)

∫
d4yJ(y)φ(y) = φ(x)

12



To take functional derivatives of more comlicated functionals we simply use the ordi-

nary rules for derivatives of composite functions. For example

δ

δJ(x)
exp

[
i
∫

d4yJ(y)φ(t)
]
= iφ(x)exp

[
i
∫

d4yJ(y)φ(y)
]

Using the formula ∫
dxe−

1
2 xT Mx+Jx =

√
(2π)N

detM
e

1
2 JT M−1J

where J, xis an arbitrary N-component vector.

proof 3.2

x 7→ x + M−1J.

The integral is unchanged under the transformation. But the transformation removes the linear

term from the exponent.

−1
2

xT Mx + JTx 7→ −1
2

xT Mx +
1
2

JT M−1J

Computing the e−
1
2 xT Mx

M = ΛT AΛ

where A is diagonal matrix. A = diag(a1, a2, . . . , aN)

y = ΛTx

e−
1
2 yT Ay =

N

∏
k=1

e−
1
2 aky2

k

The Gaussian integral∫
dxe−

1
2 xT Mx+JTx = e

1
2 JT M−1J

∫
dxe−

1
2 xT Mx

= e
1
2 JT A−1J

∫
d(Λy)e−

1
2 yT Ay

= e
1
2 JT A−1J

∫
det(Λ)d(y)e−

1
2 yT Ay

13



Considering the proper orthogonal transformation, we have detΛ = 1∫
dxe−

1
2 xMx+JTx = e

1
2 JT A−1J

∫
d(y)e−

1
2 yT Ay

= e
1
2 JT A−1J

∫ ∞

−∞
dy1 · · · dyNe−

1
2 a1y2

1+a2y2
2+···+aNy2

N

=

√
(2π)N

detA
e

1
2 JT A−1J

=

√
(2π)N

detM
e

1
2 JT A−1J

To ensure convergence, we take place t 7→ te−iθ , θ = ε+.

Z[E(t)] = Z[0]ei
∫

dt 1
2 eiθ E(t)[e2iθm d2

dt2
+mω2

0 ]
−1E(t)

Define

K(t, t′) = [e2iθm
d2

dt2 + mω2
0]
−1

K(t, t′) satisfies the following relation

e−iθ [e2iθm
d2

dt2 + mω2
0]K(t, t′) = δ(t− t′) (2)

Because of K(t, t′) = K(t− t′) = K(τ), τ = t− t′. The Fourier transformation

K(τ) =
∫ dω

2π
K(ω)e−iωτ

δ(t− t′) = δ(τ) =
∫ dω

2π
e−iωτ

The equation(2)can be writen as

e−iθ
(
−mω2e2iθ + mω2

0

)
K(ω) = 1

K(ω) =
1

mω2
0e−iθ −mω2eiθ

The Fourier transformation

e−a|t| −→ 2a
ω2 + a2

14



We can get

K(t, t′) =
i

2mω0
e−ie−iθω0|t−t′|

The generate functional
Z[E(t)]

Z[0]
= ei

∫
dtdt′E(t)K(t,t′)E(t′)

Functional derivative

δ

δE(ta)

Z[E(t)]
Z[0]

∣∣∣∣
E=0

=

[
i
∫ ∞

−∞
dt′

1
2

K(ta, t′)E(t′) + i
∫ ∞

−∞
dt

1
2

E[(t)K(t, ta)

]
Z[E]
Z[0]

|E=0

The second derivative

δ2

δE(tb)δE(ta)

Z[E]
Z[0]

|E=0 =

(
δ

δE(tb)

[
i
∫

dt′
1
2

K(ta, t′)E(t′) + i
∫

dt
1
2

E(t)K(t, ta)

])
Z[E]
Z[0]

|E=0

+

(
i
∫

dt′
1
2

K(ta, t′)E(t′) + i
∫

dt
1
2

E(t)K(t, ta)

)
δ

δE(tb)

Z[E]
Z[0]

= iK(tb, ta)
Z[E]
Z[0]

|E=0 +

(∫
dt′

1
2

K(ta, t)E(t′) + i
∫

dt
1
2

E(t)K(t, ta)

)
×(

i
∫

dt′
1
2

K(tb, t′)E(t′) + i
∫

dt
1
2

E(t)K(t, tb)

)
Z[E]
Z[0]

|E=0

= iK(tb, ta)

We know

Z[E] =
∫

D[x(t)]ei
∫ ∞
−∞ dt[L+E(t)x(t)]

δ

δE(t0)
Z[E =

∫
D[x(t)]

δ

δE(t0)

(
i
∫ ∞

−∞
dt[L + E(t)x(t)]ei

∫ ∞
−∞ dt[L+E(t)x(t)]

)
δ2

δE(ta)δE(tb)

Z[E]
Z[0]

=

∫
D[x(t)]ix(ta)ix(tb)ei

∫ ∞
−∞ dt(L+E(t)x(t))∫

D[x(t)]ei
∫ ∞
−∞ dtL

= 〈[ix(ta)][ix(tb)]〉 = −iGx(tb, ta)

K(t, t′) =
i

2mω0
ee−iθ |t−t′|ω0

0 < θ < π
2 , e−iθ = cos θ − i sin θ. |t− t′| → ∞, K(t, t′)→ 0.

Gx(t) = K(t) = −i
1

2mω0
e−iω0|t|(1−iε+)
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Frequency space ω0 −→ ω0(1− iε)

ω2
0 −→ ω2

0 − iε

Gx(ω) =
∫ +∞

−∞
dtGx(t, 0)eiωt =

1
m(ω2 −ω2

0 + iε+)

In frequency space

exp

[
i
∫

dt
1
2

e−iθE(t)
(

me2iθ d2

dt2 + mω2
0

)−1

E(t)

]

= exp

[
i
∫

dt
1
2

e−iθ
∫ dω′

2π
E(ω′)E(ω′)eiω′t

(
me2iθ d2

dt2 + mω2
0

)−1 ∫ dω

2π
E(ω)e−iωt

]

= exp
[

i
1
2

e−iθ
∫ dω′dω

(2π)2 E(ω′)e−iω′t
(
−mω2e2iθ + mω2

0

)−1
E(ω)e−iωt

]
= exp

[
i
1
2

e−iθ
∫ dω′dω

(2π)2 E(ω′)
(
−mω2e2iθ + mω2

0

)−1
E(ω)

∫ +∞

−∞
dte−i(ω′+ω)t

]
= exp

[
i
1
2

eiθ
∫ dω

2π
E(−ω)

(
−mω2e2iθ + mω2

0

)−1
E(ω)

]
Important:

Green f unction = 〈φ(x1)φ(x2)〉 =
(
−i

δ

δJ(x1)

)(
−i

δ

δJ(x2)

)
Z[J]
Z[0]

In X.G.wen’s books, Green function was defined as iG(xa, xb). But the Green function

was called G(φ(xa), φ(xb)) =
(
−i δ

δJ(xa)

) (
−i δ

δJ(xb)

)
Z[J]
Z[0] in Peskin’s books.

Define Se f f as
Z[E]
Z[0]

= eiSe f f

The Se f f was called effective action.

Se f f =
∫

dt
1
2

e−iθE(t)
[

m
d2

dt2 e2iθ + mω2
0

]−1

E(t)

In frequency space

Se f f = −
∫ dω

2π
E(−ω)Gx(ω)E(ω)

1. E(t) = e

16



The effective action

Se f f = −
∫ dω

2π

1
2

E(−ω)Gx(ω)E(ω)

= −
∫ dω

2π

1
2

2πeδ(−ω)Gx(ω)
∫

dtE(t)eiωt

= −
∫

dωdt
1
2

e2δ(−ω)Gx(ω)eiωt

= −
∫

dt
1
2

e2Gx(ω = 0) = −(t2 − t1)
1
2

e2Gx(ω = 0)

Se f f = −Time × Energy. The ground state energy: ε0 = E2Gx(ω=0)
2 . The dipole

moment: d = − ∂ε0
∂E = −EGx(ω = 0)

The polarizability is

χ =
d
E
= −Gx(ω = 0)

2. E = E(t) Non-constant

The Generate function:

Z[E] =
∫

D[x(t)]ei
∫

dt(L+E(t)x(t))

The coupling term of electric field and dipole moment:

∆S =
∫

dtE(t)x(t) =
∫ dω

2π
E(−ω)x(ω)

The dipole moment

d(t) = 〈x(t)〉|E 6=0 =

∫
D[x(t)x(t)ei

∫
dt(L+E(t)x(t))]∫

D[x(t)]ei
∫

dt(L+E(t)x(t))

After coupling with the external electric field, the total Lagrangian of the system

should be written as the harmonic oscillator term + the coupling term. Averag-

ing the coordinates is also in coupled Lagrangian.
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In frequency space

d(ω) = 〈x(ω)〉|E 6=0 =

∫
D[x]x(ω)ei

∫ dω
2π (L+E(−ω)x(ω))∫

D[x(ω)]ei
∫ dω

2π (L+E(−ω)x(ω))

=
−2πi δ

δE(−ω)

∫
D[x]ei

∫ dω
2π (L+E(−ω)x(ω))∫

D[x]ei
∫ dω

2π (L+E(−ω)x(ω))

= −2πi
δZ[E]

δE(−ω)

1
Z[E]

= −2πi
1

Z[E]
Z[0]

δeiSe f f

δE−ω
= 2π

δSe f f

δE−ω

Se f f = −
∫ dω

2π
1
2 E(−ω)Gx(ω)E(ω)

2π
δSe f f

δE(−ω)
= −

∫
dω′

(
1
2

δ(ω−ω′)Gx(ω
′)E(ω′) +

1
2

E(−ω′)Gx(ω
′)δ(ω + ω′)

)
= −Gx(ω)E(ω)

Noting that Gx(ω) = Gx(−ω).

χ(ω) =
d(ω)

E(ω)
= −Gx(ω)

For oscillating electric field E(t) = E(ω) cos ωt, the dipole moment is d(t) = Re[χ(ω)E(ω)e−iωt]

4 perturbation

4.1 interaction picture

H = H0 + V(t)

|ψn〉 is eigenvector of H0

H0|ψn〉 = |ψn〉

Denote the |ψ(t)〉 as Schrodinger picture vector and denote the |ψ(t)〉I as the interaction

picture.

|ψ(t)〉I = eiH0(t−t0)|ψ(t)〉

18



The operator in interaction picture is define as following

AI(t) = eiH0(t−t0)Ae−H0(t−t0)

i
d
dt
|ψ(t)〉I = i

d
dt
(eiH0(t−t0)|ψ(t)〉)

= −eiH0(t−t0)H0|ψ(t)〉+ eiH0(t−t0)i
d
dt
|ψ(t)〉 = eiH0(t−t0)(H − H0)|ψ(t)〉

= eiH0(t−t0)V(t)|ψ(t)〉 = VI(t)|ψ(t)〉I

i
d
dt

AI(t) = i
d
dt
(eiH0(t−t0)Ae−iH0(t−t0))

= −eiH0(t−t0)H0Ae−iH0(t−t0) + eiH0(t−t0)AH0e−iH0(t−t0)

= eiH0(t−t0) [A, H0] e−iH0(t−t0) = [AI(t), H0]

In general, observable operator in schrodinger’s picture is time independent. The

Hamiltonian operator is regarded as a time - dependent operator only in a few time

- dependent perturbations. Conclusion:

i
d
dt
|ψ(t)〉I = VI(t)|ψ(t)〉I

i
d
dt

AI(t) = [AI , H0]

Define the unitary time evolution operator

|ψ(t)〉I = UI(t, t0)|ψ〉I

The equation of movement of U(t, t0)

i
d
dt

UI(t, t0) = VI(t)U(t, t0)

d
dt

U(t, t0) = 1 + (−i)
∫ t

t0

dt1VI(t1)UI(t1)

Iteration after iteration

UI(t, t0) = 1+(−i)
∫ t

t0

dt1VI(t1)+ · · ·+(−i)n
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ tn−1

t0

dtnVI(t1) · · ·VI(tn)+ · · ·
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Cuting in first term

|ψ(t)〉I = UI(t, t0)|ψ(t)〉I ≈= |ψ(t0)〉I − i
∫ t

t0

dt′VI(t′)|ψ(t0)〉I

Using the relation condition of Schrodinger picture and interaction picture. Notice

|ψ(t0)〉I = |ψ(t)〉

eiH0(t−t0)|ψ(t)〉 = |ψ(t0)〉 − i
∫ t

t0

dt′eiH0(t′−t0)V(t′)e−iH0(t′−t0)|ψ(t0)〉

|ψ(t)〉 = e−iH0(t−t0)|ψ(t0)〉 − i
∫ t

t0

dt′e−iH0(t−t0)eiH0(t′−t0)V(t′)e−iH0(t′−t0)|ψ(t0)〉

= e−iH0(t−t0)|ψ(t0)〉 − i
∫ t

t0

dt′e−iH0(t−t′)V(t′)e−iH0(t′−t0)|ψ(t)〉

In Wen’s Books, we cut in first order term. The Hamiltonian is

H = H0 + f (t)O1

Notice the O1 is time - independent and the initial condition is perturbation starting

with finite time.  f (−∞) = 0

t0 = t∞ = −∞ .

Quantum evolute from |ψ(t0)〉 = |ψn〉

|ψn(t)〉 = e−En(t−t0)|ψn〉 − i
∫ t

−∞
dt′e−iH0(t−t′) f (t′)O1e−iH0(t′−t−∞)|ψn〉

Define interaction picture operator O1(t) = eiH0(t−t−∞)O1e−iH0(t−t−∞)

|ψn(t)〉 = e−iEn(t−t0)|ψn〉 − i
∫ t

−∞
dt′e−iH0(t−t−∞) f (t′)O1(t′)|ψn〉

δ|ψn(t)〉 = −i
∫ t

−∞
dt′e−iH0(t−t−∞) f (t′)O1(t′)|ψn〉

|ψn(t)〉 = eiEn(t−t−∞)|ψn〉+ δ|ψn〉
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Approximately to the first order

〈ψn(t)|O2|ψn(t)〉 = 〈ψn|O2|ψn〉+ eiEn(t−t−∞)〈ψn|O2(δ|ψn(t)〉)+ (δ〈ψn(t)|)O2|ψ〉e−iEn(t−t−∞)

δ(〈ψn(t)|O2|ψn(t)〉) = eiEn(t−t−∞)〈ψn|O2(δ|ψn(t)〉) + (δ〈ψn(t)|)O2|ψn〉e−iEn(t−t−∞)

= −i
∫ t

t−∞

dt′eiEn(t−t−∞)eiEn(t−t−∞) f (t′)〈ψn|O2e−iH0(t−t−∞)O1(t′)|ψn〉

+ i
∫ t

t−∞

dt′〈ψn|O1(t′) f (t′)eiH0(t−t0)O2e−En(t−t0)|ψn〉

= −i
∫ t

−∞
dt′〈ψn| [O2(t), O1(t)] |ψn〉

Define the response function

D(t, t′) = −iθ(t− t′)〈ψn|
[
O2(t)O1(t′)

]
|ψn〉

where

θ(t) =

1, t > 0

0, t < 0.

δ(〈ψn(t)|O2|ψn(t)〉) =
∫ ∞

−∞
dt′D(t, t′) f (t′)

1. T = 0K

D(t− t′) = 〈ψ0|
[
O2(t)O1(t′)

]
|ψ0〉

2. T > 0K

〈O2〉t = Tr(O2ρ) = 〈ψn(t)|O2
e−βH0

Z
|ψn(t)〉

Notice that

(1) t = t0,{|ψn〉} is a complete orthogonal set. When t > t0, {|ψn(t)〉} is still a

complete orthogonal set.

〈ψm(t)|ψn(t)〉 = 〈ψm|U†(t, t0)U(t, t0)|ψn〉 = 〈ψm|ψn〉 = δmn

(2) The Hamiltonian for the density operator is H0
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〈O2〉t = Tr(O2ρ) = ∑
n
〈ψn(t)|O2

e−βH0

Z
|ψn(t)〉

= ∑
n
〈ψn|O2

e−βH0

Z
|ψn〉 − i ∑

n

∫ t

−∞
dt′ f (t′)〈ψn|

[(
O2

e−βH0

Z

)
(t), O1(t′)

]
|ψn〉

= ∑
n
〈ψn|O2|ψn〉

e−βε0

Z
− i

∫ t

−∞
dt′ f (t′)Tr

([
eiH0(t−t−∞)O2

e−βH0

Z
e−iH0(t−t−∞), O1(t′)

])
Using Tr(ABC) = Tr(BCA) = Tr(CAB)

〈O2〉t = ∑
n
〈ψn|O2|ψn〉e−βεn − i ∑

n

∫ t

−∞
dt′ f (t′)〈ψn|

[
O2(t), O1(t′)

]
|ψn〉

e−βεn

Z

Define

D(t− t′) = ∑
n
〈ψn|[O2(t), O1(t′)]|ψn〉

e−βεn

Z

〈O2〉t = ∑
n
〈ψn|O2|ψn〉

e−βεn

Z
+
∫ ∞

−∞
dt′D(t− t′) f (t′)

In frequency space

〈O2〉t =
∫ dω

2π
〈O2〉ωeiωt

= ∑
n
〈ψn|O2|ψn〉

e−βεn

Z

∫
dωδ(ω)e−iωt +

∫
dt′

dωdω′

(2π)2 D(ω) f (ω′)e−iω(t−t′)e−iω′t′

= ∑
n
〈ψn|O2|ψn〉

e−βεn

Z

∫
dωδ(ω)e−iωt +

∫ dω

2π
D(ω) f (ω)e−iωt

〈O2〉ω|ω 6=0 = Dβ(ω) f (ω)

where

Dβ(ω) =
∫

dtD(t)eiωt

We can express the response function in terms of the time - order correlation function

computed by the path integral.

1. T = 0K

〈ψ0|O1(t′)O2(t)|ψ0〉 =
[
ψ0|O†

2(t), O†
1(t
′)|ψ0

]∗
=
[
〈ψ0|O2(t)O1(t′)|ψ0〉

]∗
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D(t, t′) = −iθ(t− t′)〈ψ0|[O2(t), O1(t′)]|ψ0〉

= −iθ(t− t′)
(
〈ψ0|O2(t)O1(t′)|ψ0〉 − 〈ψ0|O1(t′)O2(t)|ψ0〉

)
= −iθ(t− t′)2iIm〈ψ0|O2(t)O1(t′)|ψ0〉 = 2θ(t− t′)Im〈ψ0|O2(t)O1(t′)|ψ0〉

Time - order correlation function

iG(t, t′) = 〈ψ0|T(O2(t)O1(t′))|ψ0〉

D(t, t′) = 2θ(t− t′)ImiG(t− t′) = 2θ(t− t′)ReG(t− t′)

2. T > 0K Time - order correlation function

iGβ(t, t′) = ∑
n
〈ψn|T[O2(t), O1(t′)]|ψn〉

e−βεn

Z

Response function

Dβ(t, t′) = 2θ(t− t′)ReGβ(t− t′)

Harmonic oscillator

iGx(t− t′) = 〈x(t)x(t′)〉 = e−iω0|t|

2mω0

4.2 exercises

problem 4.2.1 Harmonic oscillator H = ωa†a

a|a〉 = a|a〉, 〈a|a† = a∗〈a|

The coherent state propagator

iG(ab, tb, aa, ta) = 〈ab|U(tb, ta)|aa〉

Condition:

(1) da

π2 |a〉〈a| = 1, d2a = dReadIma

(2) 〈a′|a〉 = e−
|a|2

2 e−
|a′ |2

2 ea∗a′

iG(ab, tb, aa, ta) = 〈aN |U(tN , t0)|a0〉 = 〈aN |U(tN , tN−1) · · ·U(t1, t0)|a0〉

=
∫ da1 · · · daN−1

πN−1

N

∏
i=1
〈ai|U(ti, ti−1)|ai−1〉
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where ∆ti = ti − ti−1, (aa, ta) = (a0, t0), (ab, tb) = (aN , tN).

Define iG(ai, ti, ai−1, ti−1) = 〈ai|U(ti, ti−1)|ai−1〉.

iG(ai, ti, ai−1, ti−1) = 〈ai|U(ti, ti−1)|ai−1〉

= 〈ai|e−iH(ai ,ai−1)∆ti |ai−1〉 = 〈ai|e−iωa†a∆ti |ai−1〉

= 〈ai|1 + (iωa†a)∆ti + o(∆ti)|ai−1〉

= 〈ai|ai−1〉e−iωa∗i ai−1∆i

= e−iωa∗i ai−1∆ti e−
1
2 |ai |2 e−

1
2 |ai−1|2 ea∗i ai−1

= exp
[(
−iωa∗i ai−1 −

1
2

a∗i
ai − ai−1

∆ti
+

1
2

a∗i − a∗i−1

∆ti
ai−1

)
∆ti

]

iG(ab, tb, aa, ta) =
∫ da1 · · · daN−1

πN−1

N

∏
i=1
〈ai|e−iωa†a∆ti |ai−1〉

=
∫ da1 · · · daN−1

πN−1

N

∏
i=1

exp
[(
−iωa∗i ai−1 −

1
2

a∗i
ai − ai−1

∆ti
+

1
2

a∗i − ai−1∗

∆i
ai−1

)
∆ti

]

=
∫ da1 · · · daN−1

πN−1 exp

[
N

∑
i=1

(
1
2

a∗i − a∗i−1

∆ti
ai−1 −

1
2

a∗i
ai − ai−1

∆ti
− iωa∗i ai−1

)
∆ti

]

=
∫ D[a(t)]

πN−1 e
∫

dt( 1
2 ȧ∗a− 1

2 a∗ ȧ−iωa∗a)

=
∫ D2[a(t)]

πN−1 ei
∫

dt[i 1
2 (a∗ ȧ−ȧ∗a)−ωa∗a]

iG(ab, tb, aa, ta) =
∫ D2[a(t)]

πN−1 ei
∫

dt[i 1
2 (a∗ ȧ−ȧ∗a)−ωa∗a]

For general Hamiltonian H(a, a†)

iG(ai, ti, au−1, ti−1) = 〈ai|e−iH∆ti |ai−1〉

= 〈ai|ai−1〉e−iH(a,a∗)∆ti

= ea∗i ai−1− 1
2 |ai |2− 1

2 |ai−1|2−iH(a,a∗)∆ti

= exp
[

ai−1

2
(a∗i − a∗i−1)−

a∗i
2
(ai − ai−1)− iωa∗i ai−1∆ti

]
= exp

[(
ai−1

2
a∗i − a∗i−1

∆ti
−

a∗i
2

ai − ai−1

∆ti
− iωa∗i ai−1

)
∆ti

]
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iG(ab, tb, aa, ta) =
∫ dai · · · daN−1

πN−1

N

∏
i=1
〈ai|e−iH(a,a†)∆|ai−1〉

=
∫ dai · · · daN−1

πN−1 exp

[(
N

∑
i=1

ai−1

2
a∗i − a∗i−1

∆ti
−

a∗i
2

ai − ai−1

∆ti
− H(a, a∗)

)
∆ti

]

=
∫ D2[a(t)]

πN−1 ei
∫

dt[i 1
2 (a∗ ȧ−ȧ∗a)−H(a,a∗)]

L = i
1
2
(a∗ ȧ− aȧ∗ − H(a, a∗))

problem 4.2.2 P16.Derive the path integral representation of green’s function in virtual time

Z[β] = Tr(e−βH) =
∫

dxG(x, x, β)

Define virtue time Green’s function.

G(xb, xa, τ) = 〈xb|e−τH |xa〉

G(xb, xa, τ) can be regard as a propagator along the virtue time. τ = it

G(xb, xa, τ) = 〈xb|e−τH |xa〉

= 〈xN |e−(τN−τN−1)He−(τN−1−τN−2)H · · · e−(τ1−τ0)H |x0〉

=
∫

dx1 · · · dxN−1

N

∏
i=1
〈xi|e−τi H |xi−1〉

=
∫

dx1 · · · dxN−1

N

∏
i=1
〈xi|e−τi(

p
2m+V(x))|xi−1〉

Using BHC formula

eA+B = eAeBe−
1
2 [A,B]

〈xi|e−∆τi
p2
2m−∆τiV(x)|xi−1〉 = 〈xi|e−∆τi

p2
2m e−∆τiV(x)e−

1
2 ∆τ2

i [
p2
2m ,V(x)]

|xi−1〉

Ignore second order small quantities

〈xi|e−∆τi
p2
2m e−∆τiV(x)|xi−1]〉

= 〈xi|e∆τi
p2
2m |xi−1〉e−∆τiV(xi−1)
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〈xi|e−∆τi
p2

i
2m |xi−1〉

=
∫

dpi〈xi|pi〉〈pi|e−τi
p2
2m |xi−1〉

=
∫ dpi√

2π
eipixi e−∆τi

p2
i

2m
e−ipixi−1

√
2π

=
∫ dpi

2π
exp

[
(ipi

xi − xi−1

τi
−

p2
i

2m
)∆τi

]
=
∫ dpi

2π
exp

[
−∆τi

2m
(p2

i − ipi2m
xi − xi−1

∆τi
)

]
=
∫ dpi

2π
exp

[
−∆τi

2m
(pi − im

xi − xi−1

∆τi
)2 − ∆τi

2m
m2 (xi − xi−1)

2

∆τ2
i

]

=
1

2π

√
2m
∆τi

√
πe−

1
2 m

(xi−xi−1)
2

∆τi

=

√
m

2π∆τi
e−

1
2 m

(xi−xi−1)
2

∆τi

Aτ =
√

m
2π∆τi

The virture time Green’s function

G(xb, xa, τ) =
∫

dx1 · · · dxN−1

N

∏
i=1
〈xi|e−∆τi

p2
2m |xi−1〉e−∆τiV(xi−1)

=
∫

dx1 · · · dxN−1

N

∏
i=1

√
m

2π∆τi
e
(− 1

2 m
(xi−xi−1)

2

∆τ2
i
−V(xi−1))∆τi

= AN
τ

∫
D[x(t)]e−

∫ τ
0 ( 1

2 m( dx
dτ′ )

2+V(x))

In phase space

〈xi|e−∆τi
p2
2m |xi−1〉 =

∫ dpi

2π
e(ipi

xi−xi−1
∆τi

− p2
i

2m )∆τi

G(xb, xa, τ) =
∫

dx1 · · · dxN−1

∫ dp1

2π
· · · dpN

2π

N

∏
i=1

e(ipi
xi−xi−1

∆τi
− p2

i
2m−V(xi−1))∆τi

=
∫

D[x(t)]D[p(t)]e−
∫ τ

0 dτ′( p2
2m+V(x)−ip dx

dτ′ )
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5 The relation of corelation function

Define the corelation

iGβ(t) = 〈T[O2(t), O1(0)]〉 and Gβ(τ) = 〈T[O2(t), O1(0)]〉

For more general situation

iGβ(t)|t>0 = 〈O2(t)O1(0)〉

iGβ(t)|t<0 = η〈O1(0)O2(t)〉

iGβ(τ)|t>0〈O2(τ)O1(0)〉

iGβ(τ)|t<0η〈O1(0)O2(τ)〉

If η = +, correlation function was called Bosonic. If η = −, correlation function was

called fermionic. Notice that the operator is not necessarily Hermitian.

〈ψn|O2(t)O1(0)|ψn〉 =
〈ψn|O2U(t, 0)O1|ψn〉
〈ψn|U(t, 0)|ψn〉

= ∑
m
〈ψn|O2|ψm〉〈ψm|O1|ψn〉e−(εm−εn)t

〈ψn|O1(0)O2(t)|ψn〉 =
〈ψn|O1U(0, t)O2|ψn〉
〈ψn|U(0, t)|ψn〉

= ∑
m
〈ψn|O1|ψm〈ψm|O2|ψn〉ei(εm−εn)t

We can get the spectral decomposition of Gβ(t)

iGβ(t)|t>0 = 〈O2(t)O1(0)〉 = Tr
(

O2(t)O1(0)
e−βH

Z

)
= ∑

n
〈ψn|O2(t)O1(0)|ψn〉

e−βεn

Z

= ∑
m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−βεn−i(εm−εn)t

Z

iGβ(t)|t<0 = η〈O1(0)O2(t)〉 = Tr
(

O1(0)O2(t)
e−βH

Z

)
= η ∑

n
〈ψn|O1(0)O2(t)|ψn〉

e−βεn

Z

= η ∑
m,n
〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e−βεn+i(εm−εn)t

Z

27



Spectral function

Aβ
+(ν) = ∑

m,n
δ[ν− (εm − εn)]〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−βεn

Z

Aβ
−(ν) = ∑

m,n
δ[ν + (εm − εn)]〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e−βεn

Z

We can get that

iGβ(t)|t>0 =
∫

dνAβ
+(ν)e

−iνt

iGβ(t)|t<0 =
∫

dνAβ
−(ν)e

−iνt

Notice that spectral function can be write

Aβ
+(ω) = ∑

m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−βεn

Z
δ[ω− (εm − εn)]

= e
βω
2 ∑

m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e
−β(εm+εn)

2

Z
δ[ω− (εm − εn)]

Aβ
− = ∑

m,n
〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e−βεn

Z
δ[ω + (εm − εn)]

= e
βω
2 ∑

m,n
〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e
−β(εm+εn)

2

Z
δ[ω + (εm − εn)]

= e−
βω
2 ∑

m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−
β(εm+εn)

2

Z
δ[ω− (εm − εn)]

(m↔ n)

The relation between Aβ
+ and Aβ

−

Aβ
+(ω) = eβω Aβ

−(ω)

Introduce the retard Green’s function and advance Green’s function

Gβ
+ = Θ(t)Gβ(t), Gβ

−(t)Θ(−t)Gβ(t)
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In frequency space

Gβ
+(ω) =

∫ +∞

−∞
dtΘ(t)Gβ(t)eiωt

=
∫ +∞

0
dtGβ(t)|t>0eiωt

= lim
ε→0+

∫ +∞

0
dt(−i) ∑

m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−βεn

Z
ei(ω−(εm−εn)+iε)t

= lim
ε→0+

∑
m,n

〈ψn|O2|ψm〉〈|ψm|O1|ψn〉
ω− (εm − εn) + iε

e−βεn

Z

Gβ
−(ω) =

∫ +∞

−∞
dtΘ(−t)Gβ(t)eiωt

=
∫ 0

−∞
dtGβ(t)|t<0

= lim
ε→0+

∫ 0

−∞
dt(−i)η ∑

m,n
〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e−βε

Z
ei(ω+(εm−εn)−iε)t

= lim
ε→0+

η ∑
m,n

〈ψn|O1|ψm〉〈ψm|O2|ψn〉
−ω− (εm − εn) + iε

e−βεn

Z

We can find

Gβ
+(ω) =

∫
dν

Aβ
+(ν)

ω− ν + i0+

Gβ
−(ω) =

∫
dν

(Aβ
−(ν))

ω− ν− i0+

Gβ(ω) =
∫ ∞

−∞
dtGβ(t)eiωt

=
∫ ∞

−∞
dt(Θ(t) + Θ(−t))Gβ(t)eiωt

=
∫ ∞

−∞
dtGβ

+(t)e
iωt +

∫ ∞

−∞
dtGβ

−(t)e
iωt

= Gβ
+(ω) + Gβ

−(ω)

Gβ(ω) =
∫

dν
Aβ
+(ν)

ω− ν + i0+
− η

∫
dν

Aβ
−(ν)

ω− ν− i0+

The response function is defined as

Dβ(t− t′) = ∑
n
−iΘ(t− t′)〈ψn|O2(t)O1(t′)− ηO1(t′)O(t)|ψn〉

e−βεn

Z
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Let

Dβ(t− t′) = Dβ
1 (t− t′) + Dβ

2 (t− t′)

Dβ
1 (ω) =

∫ ∞

−∞
dτ ∑

n
−iΘ(τ)〈ψn|O2(t)O1(t′)|ψn〉

e−βεn

Z
eiωτ

=
∫ ∞

−∞
dτ ∑

m,n
−iΘ(τ)〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−βεn

Z
e−i(εm−εn)τeiωt

= lim
ε→0+

∑
m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−βεn

Z

∫ τ

0
dτei(ω−(εm−εn)+iε)τ

= ∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
ω− (εm − εn) + i0+

e−βεn

Z

Dβ
2 (ω) = iη ∑

n
Θ(t− t′)〈ψn|O1(t′)O2(t)|ψn〉

e−βεn

Z

= iη
∫ ∞

−∞
dτΘ(τ) ∑

m,n
〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e−βεn

Z
ei(εm−εn)τeiωτ

= lim
ε→0+

iη
∫ ∞

0
dτ ∑

m,n
〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e−βεn

Z
ei(ω+(εm−εn)+iε)τ

= η ∑
m,n

〈ψn|O1|ψm〉〈ψm|O2|ψn〉
−ω− (εm − εn)− i0+

e−βεn

Z

We can see

Dβ(ω) =
∫

dν
Aβ
+(ν)

ω− ν + i0+
− η

∫
dν

Aβ
−(ν)

ω− ν + i0+

The correlation function Gβ and response function Dβ was determined by spectral func-

tion Aβ
±.

Imaginary time Green’s function

Gβ(τ2, τ1) = Tr{Tτ[O2(τ2)O1(τ1)]ρ̂}

=
Tr{Tτ[O2(τ2)O1(τ1)]e−βH}

Z

where 0 < τ1, τ2 < β. Gβ(τ2, τ1) can be also write as
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1. τ2 > τ1

Gβ(τ2, τ1) =
Tr{O2(τ2)O1(τ1)e−βH}

Tr(e−βH)

=
Tr[eτ2 HO2e−τ2 Heτ1 HO1e−τ1 He−βH ]

Tr(e−βH)

=
Tr[e−(β−τ2)HO2e−(τ2−τ1)HO1e−τ1 H ]

Tr(e−βH)

2. τ1 > τ2

Gβ(τ2, τ1) =
Tr{O1(τ1)O2(τ2)e−βH}

Tr(e−βH)

=
Tr[eτ1 HO1e−τ1 Heτ2 HO2e−τ2 He−βH ]

Tr(e−βH)

=
Tr[e−(β−τ1)HO1e−(τ1−τ2)HO2e−τ2 H ]

Tr(e−βH)

Green’s function content the following conditions

Gβ(τ2, τ1) = Gβ(τ2 − τ1, 0) = Gβ(τ2 − τ1), Gβ(τ) = ηGβ(τ + β)

We prove the Gβ(τ) = ηGβ(τ + β).

proof 5.1 τ = τ2 − τ1, 0 < τ1, τ2 < β. Hence −β < τ < β.

We have the condition −β < τ + β < β and −β < τ < β for Gβ(τ + β) and Gβ(τ). So

the problem we will proof is

Gβ(τ) = ηGβ(τ + β), −β < τ < 0

ηGβ(τ + β) = η
Tr[eτHO2e−(τ+β)HO1]

Tr[e−βH ]

= η
Tr[e−βHO1eτHO2e−τH ]

Tr[e−βH ]
= Gβ(τ)

The spectral representation

Gβ(τ) ∑
m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−εnβ−(εm−εn)τ

Z
, τ > 0

31



Gβ(τ) ∑
m,n
〈ψn|O1|ψm〉〈ψm|O2|ψn〉

e−εnβ+(εm−εn)τ

Z
, τ < 0

iGβ(t) = Gβ(it + sgnt0+)

The real time Green’s function can be computed by imaginary time green’s function.

Due to

Gβ(τ) = ηGβ(τ + β)

For the η = 1, ωl β = 2πN. For the η = −1, ωl β = 2π(N + 1
2 ). In frequency space

Gβ(ωl) =
∫ β

0
dτGβ(τ)eiωlτ

=
∫ β

0
dτGβ(τ)|τ>0eiωlτ

=
∫ β

0
dτ ∑

m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−εnβ

Z
e[iωl−(εm−εn)]τ

= ∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εn β

Z
e[iωl−(εm−εn)]τ

∣∣∣β
0

= ∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εn β

Z
(eiωl β−(εm−εn)β − 1)

The period condition of Green’s function

G(τ) = ηG(τ + β)

When the η = 1, The ωl β = 2πN

eiωl β = e2πN = 1

When the η = −1, The ωl β = 2π(N + 1
2 )

eiωl β = e2π(N+ 1
2 ) = −1
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We have eiωl β = η.

Gβ(ωl) = ∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εn β

Z
(eiωl β−(εm−εn)β − 1)

= ∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εn β

Z
(ηe−(εm−εn)β − 1)

= −∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εn β − ηe−εmβ

Z

In Wen’s book, Wen consider the situation of ωl = 0, εm = εn for avoid divergence. He

substitute the above formula for the following

Gβ(ωl) = −∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn) + Tδ

e−εnβ − (η + δ)e−εm β

Z

Theδ is a small complex number. But I find the kind of analytic extension doesn’t make

sense. Actually there is no divergence in ωl = 0, εm = εn. We can take a limit compute

in the condition ωl = 0, η = eiωl β = 1

lim
εm→εn

−〈ψn|O2|ψm〉〈ψm|O1|ψn〉
−(εm − εn)

e−εnβ − ηe−εmβ

Z

lim
εm→εn

−〈ψn|O2|ψm〉〈ψm|O1|ψn〉
Z

e−εmβ − e−εn β

εm − εn

= −〈ψn|O2|ψm〉〈ψm|O1|ψn〉
Z

e−εnβ(−β)

= 〈ψn|O2|ψm〉〈ψm|O1|ψn〉
βe−εnβ

Z
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Gβ(ωl) = −∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εnβ − ηe−εmβ

Z

= −∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εnβ

Z
+ η ∑

m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εmβ

Z

(m↔ n)

= −∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εnβ

Z
+ η ∑

m,n

〈ψm|O2|ψn〉〈ψn|O1|ψm〉
iωl + (εm − εn)

e−εnβ

Z

= −∑
m,n

〈ψn|O2|ψm〉〈ψm|O1|ψn〉
iωl − (εm − εn)

e−εnβ

Z
+ η ∑

m,n

〈ψn|O1|ψm〉〈ψm|O2|ψn〉
iωl + (εm − εn)

e−εnβ

Z

= −∑
m,n

[
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

iωl − (εm − εn)
+ η
〈ψn|O1|ψm〉〈ψm|O2|ψn〉
−iω− (εm − εn)

]
e−εnβ

Z

Using 1
x+iη = P( 1

x )− iπδ(x)

Gβ(iωl → ω + i0+) = −∑
m,n

[
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

ω− (εm − εn) + i0+
+ η
〈ψn|O1|ψm〉〈ψm|O2|ψn〉
−ω− (εm − εn)− i0+

]
eεnβ

Z

= −∑
m,n

[
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

(
P
(

1
ω− (εm − εn)

)
− iπδ[ω− (εm − εn)]

)
−η〈ψn|O1|ψm〉〈ψm|O2|ψn〉

(
P
(

1
ω + (εm − εn)

)
− iπδ(ω + (εm − εn))

)]
e−εnβ

Z

Gβ(iωl → ω− i0+) = −∑
m,n

[
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

ω− (εm − εn)− i0+
+ η
〈ψn|O1|ψm〉〈ψm|O2|ψn〉
−ω− (εm − εn) + i0+

]
e−εn β

Z

= −∑
m,n

[
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

(
P
(

1
ω− (εm − εn)

)
+ iπδ(ω− (εm − εn))

)
η〈ψn|O1|ψm〉〈|O2|ψn〉

(
P
(

1
ω + (εm − εn)

)
+ iπδ(ω + (εm − εn))

)]
e−εnβ

Z
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Computing

1
2i
[Gβ(iωl → ω + i0+)− Gβ(iωl − i0+)]

= − 1
2i ∑

m,n
[−2iπδ(ω− (εm − εn))〈ψn|O2|ψm〉〈ψm|O1|ψn〉

−η〈ψn|O1|ψm〉〈ψm|O2|ψn〉(−2iπ)δ(ω + (εm − εn))]
e−εnβ

Z
= ∑

m,n
[πδ(ω− (εm − εn))〈ψn|O2|ψm〉〈ψm|O1|ψn〉

−ηπδ(ω + (εm − εn))〈ψn|O1|ψm〉〈|O2|ψn〉]
e−εnβ

Z
m↔n
==== ∑

m,n

[
πδ(ω− (εm − εn))〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−εn β

Z

−ηπδ(ω− (εm − εn))〈ψn|O2|ψm〉〈ψm|O1|ψn〉
e−εm β

Z

]
= ∑

m,n
πδ(ω− (εm − εn))〈ψn|O2|ψm〉〈ψm|O1|ψn〉

(
e−εnβ

Z
− η

e−εmβ

Z

)

= ∑
m,n

πδ(ω− (εm − εn))〈ψn|O2|ψm〉〈ψm|O1|ψn〉
e−

(εm+εn)
2 β

Z

(
e

εm−εn
2 β − ηe−

εm−εn
2 β

)
= ∑

m,n
πδ(ω− (εm − εn))〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−
(εm+εn)

2 β

Z

(
e

βω
2 − ηe−

βω
2

)

Aβ
+(ω) = e

βω
2 ∑

m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−
εm+εn

2 β

Z
δ(ω− (εm − εn))

=
1

2πi

[
Gβ(iωl → ω + i0+)− Gβ(iωl → ω− i0+)

]
e

βω
2

1

e
βω
2 − ηe−

βω
2

=
1

2πi

[
Gβ(iωl → ω + i0+)− Gβ(iωl → ω− i0+)

] (
1 +

η

eβω − η

)
= (1 + ηnη(ω))

1
2πi

[
Gβ(iωl → ω + i0+)− Gβ(iωL → ω− i0+)

]
Aβ
−(ω) = e−

βω
2 ∑

m,n
〈ψn|O2|ψm〉〈ψm|O1|ψn〉

e−
εm+εn

2

Z
δ[ω− (εm − εn)]

=
1

2πi
[Gβ(iωl → ω + i0+)− Gβ(iωl → ω− i0+)]e−

βω
2

1

e
βω
2 − ηe−

βω
2

= nη(ω)
1

2πi
[Gβ(iωl → ω + i0+)− Gβ(iωl → ω− i0+)]
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Where n+(ω) = nB(ω) = 1
eβω−1 , n−(ω) = nF(ω) = 1

eβω+1 . This relation allows us to

decide Gβ and Dβ from Gβ

D(ω) = −Gβ(iωl → ω + i0+)

Fourier transform of Gβ(τ) is not commutative with analytic continuation.

If we analytic continuation first,

iGβ(t) = Gβ(it + sgnt0+)

If we Fourier transform first,

D(ω) = −Gβ(iωl → ω + i0+)

For T = 0K

1. D(t) = 2Θ(t)ReG(t)

2. iG(t) = G(it + sgnt0+)

3. D(ω) = ReG(ω) + isgnωImG(ω)

4. D(ω) = −G(ω)|iω→ω+i0+

ForT 6= 0K

1. Dβ(t) = 2Θ(t)ReGβ(t)

2. iGβ(t) = Gβ(it + sgnt0+)

3. Dβ = Gβ
+(ω) +

(
Gβ
+(−ω)

)∗
4. Dβ(ω) = −Gβ(ωl)|iωl→ω+i0+

6 瞬子

首先我们需要牢记谐振子的传播子形式

iG(xb, t,xa, 0) =
√

mω0

2πi sin(ω0t)
exp

{
imω0

2 sin ω0t
[(x2

b + x2
a) cos ω0t− 2xbxa]

}
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7 interaction Boson system

7.1 Freedom Boson system

考虑一个N−玻色子系统,系统维数d,其中 V = Ld

H = H0 ⊗H1 ⊗ · · · ⊗HN ⊗ · · ·

全体Hilbert空间有基底

|nk1 nk2 · · · 〉

其中nk = 0, 1, 2, · · ·是单粒子本征态|k〉中玻色子的个数. 态|nk1 nk2 · · · 〉的能量是

E = ∑
k

k2

2m
nk

玻色子Hilbert空间二次量子化可以看成多谐振子构造的Hilbert空间 ,考虑周期性条件后

的波矢需要满足k = 2π
L (nx, ny, · · · ). 可以看到这些谐振子都是相互独立自由的, 哈密顿

形式写成

Hk = εka†
kak, εk =

k2

2m

总玻色子粒子数算符为

N̂ = ∑
k

a†
k ak

谐振子基态ak|0〉 = 0, 是一个自由真空态, 表示没有玻色子的态. 第i个动量为ki的N玻色

子由N个产生算符a†
k所产生

|k1 . . . kN〉 = Ca†
k1
· · · a†

kN
|0〉0

这里C是归一化常数. 只有各个ki互不相同时才有C = 1. 对于连续系统,可以利用

a(x) =
1√
V

∑
k

akeikx

或者

a(x) =
∫ ddk

(2π)d akeikx
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a†(x)在x处产生一个玻色子.我们知道|k1 · · · kN〉的坐标波函数

ψ(x1, · · · , xN) = 〈x1 · · · xN |k1 · · · kN〉, |x1 · · · xN〉 = a†(x1) · · · a†(xN)|0〉

把a(x) = 1√
V ∑k akeikx带入哈密顿中可以得到坐标表象中的形式

H = ∑
k

k2

2m
a†

k ak

= ∑
k

k2

2m

∫
ddxddx′a†(x)a(x′)eik(x−x′)

= ∑
k

∫
ddxddx′a†(x)(− 1

2m
d2

dx2 a(x′)eik(x−x′))

=
∫

ddxddx′a†(x)(− 1
2m

d2

dx2 )a(x′)δ(x− x′)

=
∫

ddxa†(x)(− 1
2m

d2

dx2 )a(x)

显然a†(x)a(x)表示x处的玻色子数,因此定义玻色子密度算符

ρ(x) = a†(x)a(x)

计算玻色系统的传播子

iG(x f − xi, t) = 〈0|a(x f , t)a†(xi, 0)|0〉 = 〈0|a(x f )e−itHa†(xi)|0〉

对上式进行傅里叶变换得到

iG(k, t) =
∫

ddx f ddxiiG(x f − xi, t)eikx f eikxi

= 〈0|
∫

ddx f ddxia(x f )e−itHa†(xi)eikx f eikxi |0〉

= 〈0|a−ke−itHa†
k |0〉

计算密度-密度关联函数的时候经常遇到产生湮灭算符组合形式. 为了计算这种情况, 很

方便的利用Wick定理

theorem 7.1.1 (维克定理) 算符Ai是ak, a†
k的线性组合(Ai =

∫
dk[ui(k)ak + vi(k)a†

k ]). 记

算符V = ∏N
i=1 Ai, Vi1,i2 = ∏N

i=1,i 6=i1,i 6=i2 Ai, 记N[V]表示算符V的正规序, 并且有真空
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态ak|0〉 = 0.

V = N[V]+ ∑
i1<j1

N[Vi1,j1 ]〈0|Ai1 Aj1 |0〉+ ∑
i1<j1
i2<j2

(i1,j1) 6=(i2,j2)

N[Vi1,j1,i2,j2 ]〈0|Ai1 Aj1 |0〉〈0|Ai2 Aj2 |0〉+ · · ·

其中(i1, j1)表示i1 < j1的有序对

7.2 Practice

problem 7.2.1 Regular sorting of O = aa†a†, using Wick theorem to produce correct results.

proof 7.1

: O := a†a†aa

O = a†a†aa + aa〈0|a†a†|0〉+ a†a〈0|aa†|0〉+ a†a〈0|aa†|0〉+ a†a〈0|aa†|0〉+ a†a〈0|aa†|0〉+ aa〈0|a†a†|0〉

= a†a†aa + 4aa〈0|a†a†|0〉+ aa〈0|a†a†|0〉

problem 7.2.2 Computing 〈0|aa†aa†|0〉

proof 7.2

〈0|aa†aa†|0〉 = 〈0|a†a|0〉〈0|aa†|0〉

problem 7.2.3 3.1.2

iG(x, t) = 〈Ψ0|T[a(x, t)a(0, 0)]|Ψ0〉

1. t¿0

iG(x, t > 0) = 〈Ψ0|a(x, t)a(0, 0)|Ψ0〉

2. t¡0

iG(x, t < 0) = 〈Ψ0|a(0, 0)a(x, t)|Ψ0〉

iG(x, 0+)− iG(x, 0−) = 〈Ψ0|[a(x), a(0)]|Ψ0〉 = [a(x), a(0)] = δ(x)
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Consider t > 0

iG(x, t) = 〈Ψ0|a(x, t)a(0, 0)|Ψ0〉

= 〈Ψ0|eiHta(x)e−iHta(0)|Ψ0〉

= 〈Ψ0|eiHt 1√
V

∑
k

akeikxe−iHt 1√
V

∑
k′

a′†k |Ψ0〉

=
1
V ∑

kk′
〈Ψ0|eiHtake−iHta†

k′ |Ψ0〉eikx

=
1
V ∑

kk′
〈Ψ0|aka†

k′ |Ψ0〉ei(kx−εkt)

=
1
V ∑

kk′
〈Ψ0|a†

k′ak + δkk′ |Ψ0〉ei(kx−εkt)

Total momentum operator: P = ∑p pa†
pap

[P, H] = 0 (Translation invariance)

Computing [P, a†
k ak]

[P, a†
k ak] = ∑

p
p[a†

pap, a†
k′ak]

= ∑
p

p
{
[a†

pap, a†
k′ ]ak + a†

k′ [a
†
pap′ , ak]

}
= ∑

p
p
{
[a†

p, a†
k′ ]apak + a†

p[ap, a†
k′ ]ak + a†

k′ [a
†
p, ak]ap + a†

k′a
†
p[ap, ak]

}
= ∑

p
p
{

a†
pδpk′ak − a†

k′δpkap

}
= (k′ − k)a†

k′ak

Due to [P, H] = ∑k εk[P, a†
k ak] = 0

(k′ − k)a†
k′ak = 0
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which implied 〈Ψ0|a†
k′ak|Ψ0〉 = δkk′〈Ψ0|a†

k ak|Ψ0〉

iG(x, t) = ∑
k

(
〈Ψ0|a†

k ak|Ψ0〉
V

eikx +
eikx

V

)
e−iεkt

=

(
n0

V
+

∑k eikx

V

)
e−iεkt

When x → ∞

iG(x, t)→ n0

V
e−iεkt 6= 0

which means ODLR

8 超流赝势理论

考虑两个粒子的硬球散射,势半径为a. 两个粒子坐标满足薛定谔方程

(∇2 + k2)ψ(r) = 0 (r > a)

ψ(r) = 0 r ≤ 0

硬球条件使得上式非常难解, 通过替代成满足边界条件的赝势可以有效的求解, 特别是

在r > 0部分的s波散射. 上式方程是Bessel方程,解得形式满足

ψ(r) =
∞

∑
l=0

l

∑
m=−l

Alm[jlm(kr)− tan ηlnl(kr)]Ylm(Ω)

其中jl(x)和nl(x)是球贝塞尔函数和球诺依曼函数, Ylm(Ω)是球谐函数. 这里l表示两个散

射原子之间的相对角动量, m是磁量子数. 带入边界条件ψ(a) = 0有

tan ηl =
jl(ka)
nl(ka)

对于s波散射l = 0

j0(x) =
sin x

x
nl(x) = −cos x

x

所以有

η0 = −ka

41



带入贝塞尔方程的通解得到

ψ(r) ∝ j0(kr)− tan η0n0(kr) =
1

cos ka
sin k(r− a)

kr

该解满足r > 0部分,但是对于r < 0部分存在问题.因为该解在r = 0处存在奇点. 奇点可

以通过添加合适的δ函数来抵消.事实上利用

∇2 =
1
r2

∂

∂r

(
r2 ∂

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂

θ

)
+

1
r2 sin2 θ

∂2

∂ϕ2

∇2 sin k(r− a)
kr

=
sin k(r− a)

k
∇2 1

r
+

1
r
∇2 sin k(r− a)

k
− 2

r2 cos k(r− a)

= 4πδ(r)
sin ka

k
− k2 sin k(r− a)

kr

所以

(∇2 + k2)
sin k(r− a)

kr
= 4πδ(r)

sin ka
k

= 4π
tan ka

k
δ(r)

∂

∂r

(
r

sin k(r− a)
kr

)
定义赝势算符

Vpseudo(r)ψ(r) =
4πh̄2

m
tan ka

k
δ(r)

∂

∂r
(rψ(r))

散射方程可以改写成 [
− h̄2∇2

2(M/2)
+ Vpseudo(r)

]
ψ(r) = Eψ(r)

其中E = h̄2k2

M . 利用赝势,边值条件可以替换成

1
rψ

d
dr

∣∣∣∣
r=0

= −k cot ka

在低能极限下约化成

lim
k→0

1
rψ

d
dr

(rψ)

∣∣∣∣
r=0

= −1
a

值得注意Vpseudo不满足厄米性. 当能量很小时,系统温度非常低, ka� 1

tan(ka)
k

= a +
1
2
(ka)2re f f + · · · = a + O(a3)
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其中re f f =
2
3 a,表示相互作用有效程. 忽略高阶项,赝势约化成

Vpseudo(r) =
4πh̄2a

M
δ(r)

∂

∂r
r

记U0 = 4πh̄2a
M , 若波函数在原点没有发散, 赝势可以写成V(r) = U0δ(r). 若波函数有 1

r奇

性,算符 ∂
∂r r与奇性抵消.对于N体问题,相应的哈密顿写成

H = −
N

∑
i=1

h̄2

2M
∇2

i + U0 ∑
i<j

δ(ri − rj)
∂

∂rij
rij

其中rij = |ri − rj|

9 超流平均场

自由玻色子的哈密顿形式为H = ∑k εka†
k ak, 所以|0〉表示物理系统没有玻色子的状

态. 而N-自由玻色子在温度为0的情况下凝聚在k = 0的玻色子凝聚态.

|Ψ0〉 =
1√
N!

(a†
0)

N |0〉

称为自由N玻色子的基态. 由于赝势理论可以知道,相互作用玻色系统发生密度-密度相互

作用

H = ∑
k
(εk − µ)a†

k ak +
∫

ddxddx′
1
2

ρ(x)V(x− x′)ρ(x′)

该哈密顿描述有相互作用的玻色子系统, V(x)是密度-密度相互作用, µ是化学势. 化学势

的存在使得系统存在一定数量的玻色子.频空间中势能项写成

V =
∫

ddxddx′
1
2

ρ(x)V(x− x′)ρ(x′)

=
∫

ddxddx′
1
2 ∑

kk′
ρk′e−ik′xV(x− x′)ρke−ikx′
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做代换x− x′ = ξ, x+x′
2 = η

V =
∫

dξdη
1
2 ∑

kk′
ρ(k
′)e−ik′(η+ ξ

2 )V(ξ)ρke−ik(η− ξ
2 )

=
1
2

∫
dηdξ ∑

kk′
ρk′V(ξ)ρke−i(k′+k)ηe−i(k′−k) ξ

2

=
V
2

∫
dξ ∑

k
ρ−kV(ξ)ρkeikξ =

V
2 ∑

k
ρ−kVkρk

由于ρ(x) = a†(x)a(x), a(x) = akeikx. 所以得到

ρq =
∫

dxρ(x)eiqx =
∫

dxa†(x)a(x)eiqx

=
1
V

∫
dx ∑

k′k
a†

k′e
−ik′xakeikxeiqx

=
1
V

∫
dx ∑

kk′
a†

k′ake−i(k′−k−q)x =
1
V ∑

kq
a†

k+qak

带入势能项得到

V =
1

2V ∑
kk′q

(a†
k′−qak′)Vq(a†

k+qak)

利用[ak′ , a†
k+q] = δk′,k+q. 可以得到

H = ∑
k
[εk − µ + V(0)]a†

k ak +
1

2V ∑
k′,k,q

Vqa†
k′−qa†

k+qak′ak

在玻色子基态中有宏观数量的例子占据k = 0态

〈Ψ0|a†
0a0|Ψ0〉 = N0, ∑

k 6=0
nk � N0

注意到〈Ψ0|a†
0a†

0a0a0|Ψ0〉 = N0(N0 − 1) ∼ N2
0

在N0量级上, a0, a†
0的行为类似于c数. 这种情况下可以用

√
N0取代a0, a†

0. 相互作用哈
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密顿可以写成

H = ∑
k
(εk − µ + V(0))a†

k ak +
1

2V

[
V0a†

0a†
0a0a0 + ∑

k 6=0
V−ka†

0a†
0a−kak + ∑

k 6=0
V0a†

0a†
k a0ak

+
′

∑
q

Vqa†
0a†

q aqa0 + ∑
k 6=0

V−ka†
k a†

0a0ak +
′

∑
k′

V0a†
k′a

†
0ak′a0 +

′
∑

q
Vqa†
−qa†

q a0a0

]

定义ρ0 = N0
V =

a†
0a0
V ,又由于a0 ∼ a†

0 =
√

N0. 合并同类项可以得到

Hmean = ∑
k
(εk − µ)a†

k ak +
ρ0

2 ∑
k 6=0

[
2a†

k akV0 + a†
k ak(Vk + V−k) + V−ka−kak + Vka†

−ka†
k + O((ak 6=0)

3)
]

= ∑
k
[εk − µ + ρ0V0 +

ρ0

2
(Vk + V−k)]a†

k ak − Vρ2
0V0 +

V
2

ρ2
0V0 +

ρ0

2 ∑
k 6=0

(V−ka−kakVka†
−ka†

k)

= ∑
k
[εk − µ′k]a

†
k ak −

1
2

ρ2
0V0 +

ρ0

2 ∑
k 6=0

(V−ka−kakVka†
−ka†

k)

其中µ′k = µ− ρ0V0− 1
2 ρ0(Vk +V−k), ρ0 = N0

V .这是一个二次型哈密顿,利用Bogoliubov变

换

αk = ukak + vkα†
−k

并且αk满足玻色对易关系[αk, α†
k′ ] = δk,k′ . 对角化后得到

Ek =
√
(εk − µ′k)

2 − ρ2
0|Vk|2

uk =

√
εk − µ′k

2Ek
+

1
2

vk =
Vk

|Vk|

√
εk − µ′k

2Ek
− 1

2

对角化后的哈密顿为

Hmean = ∑
k 6=0

Ekα†
k αk − ∑

k 6=0
Ek|vk|2

这里没有包括k = 0项,补充k = 0进去后得到

Hmean = ∑
k 6=0

α†
k αk + Ωg

Ωg = −∑
k 6=0

1
2
(εk − µ′k − Ek) + V [(ε0 − µ)ρ0 +

1
2

ρ2
0V0]
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平均场对应的基态是波戈留波夫变换后的基态

αk|Ψmean〉 = 0

这里Ωg表示平均场的基态能. α†
k激发玻色液体的波模式,色散关系为

Ek =

√
[εk − µ + ρ0V0 +

1
2

ρ0(Vk + V−k)]2 − (ρ0Vk)2

可以看出若µ = ρ0V0则E(k = 0) = 0, 激发谱是无能隙的. 若µ < ρ0V0则激发谱有能隙.

若µ > ρ0V0,系统基态不稳定.系统的基态能表达式还有粒子数需要确定下来.

基态粒子数对应的基态能是极小值
∂Ωg
∂N0

= 0,利用这个等式求出N0. 所以总粒子数

N = 〈Ψmean|∑
k

a†
k ak|Ψmean〉 = N0 + ∑

k
|vk|2

这样得到总玻色子数目,做偏导运算后得到化学势. 现在计算低密度极限, εk − µ′k − Ek =

εk − µ′k −
√
(εk − µ′k)

2 − ρ2
0|Vk|2 = O(V2

k )

Ωg = V [(ε + 0− µ)ρ0 +
1
2

ρ2
0V0]

要使Ωg极小,对于µ < 0, N0 = 0. 对于µ > 0, ∂Ωg
∂N0

= 0得到N0 = V0
µ . 这样可以计算出N.

激发谱写成

Ek =
√

ε2
k + 2εkρ0ReVk − ρ2

0(|Vk|2 − ReV2
k )

可以看出激发谱无能隙.对于k→ 0.

Ek = v|k|, v2 =
ρ0V0

m
− ρ0

2
d2

dk2 (|Vk|2 − ReV2
k )

α†
k产生的激发实际上对应的是超流体的波,并且是无能隙的

10 相互作用玻色子系统路径积分

自由玻色子系统的哈密顿表示为

H0 = ∑
k
(εk − µ)a†

k ak
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利用之前写过的玻色子相干态路径积分表示

iG =
∫
D2[ak(t)]ei

∫
dt[i 1

2 (a∗k ȧk−ak ȧ∗k )−(εk−µ)a∗k ak ]

带入a(x) = 1√
V ∑k akeikx得到

iG =
∫
D2[a(x, t)]exp

{
i
∫

ddxdt
[

i
1
2
(a∗(x, t)∂ta(x, t)− a(x, t)∂ta∗(x, t))

− 1
2m

∂xa∗(x, t)∂xa(x, t) + µa∗(x, t)a(x, t)
]}

考虑玻色子的密度-密度相互作用∫
ddxdt

1
2

a∗(x, t)a(x, t)V(x− y)a∗(y, t)a(y, t)

考虑δ相互作用V(x) = V0δ(x),频空间中Vk = V0. 这样路径积分表示成

iG =
∫
D2[ϕ(x, t)]exp

(
i
∫

ddxdt
{

i
1
2
[ϕ∗(x, t)∂t ϕ(x, t)− ϕ(x, t)∂t ϕ∗(x, t)]

− 1
2m

∂x ϕ∗(x, t)∂x ϕ(x, t) + µ|ϕ(x, t)|2 − V0

2
|ϕ(x, t)|4

})
这里场算符a(x, t)已经替换成习惯表示ϕ(x, t). 这样作用量可以写成

S =
∫

ddxdt
[

i
1
2
(ϕ∗∂t ϕ− ϕ∂t ϕ∗)− 1

2m
∂x ϕ∗∂x ϕ + µ|ϕ|2 − V0

2
|ϕ|4

]
对比相干态积分L = i 1

2 (a† ȧ− aȧ†)− H,可以知道系统的能量为

Ω =
∫

ddx
[

1
2m

∂x ϕ∗∂x ϕ− µ|ϕ|2 + V0

2
|ϕ|4

]
经典基态平移不变,用复数ϕ0描述. 经典基态的能量密度

Ωg

V = −µ|ϕ0|2 +
V0

2
|ϕ0|4

1. µ < 0对应的基态是ϕ0 = 0,满足U(1)对称

2. µ > 0对应的基态是ϕ =
√

µ
V0

eiθ 可以看出对于这种情况U(1)对称性被破坏了,此时
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对应的玻色子密度是ρ = µ
V0

. 系统能量密度Ωg = µρ = µ2

V0

Ω0(µ) =

0, µ < 0
µ2

V0
, µ > 0.

显然µ = 0处有一个二级超流相变在U(1), ϕ ← eiθ ϕ变换下哈密顿形式保持不变,但超流

相的经典基态ϕ =
√

µ
V0

eiθ不满足U(1)不变,这种基态对称性比哈密顿对称性低的现象称

为自发对称性破缺. 显然破缺相的基态都是简并的.

描述相变可以通过选取合理的序参量来描述, 超流里常选取ϕ的期望值〈ϕ〉作为描述
相变的序参量.在U(1)变换下〈ϕ〉 → eiθ〈ϕ〉,所以在对称相中〈ϕ〉 = 0,在非对称相中〈ϕ〉 6=
0.

在破缺相中, ϕ场的每一点处的相位都一样,通过计算ϕ关联可以看到长程序

〈ϕ(x, t)ϕ(0, 0)〉 = |ϕ0|2 6= 0

在(x, t)→ 0时并不为0. 说明非零序参量ϕ与长程序客观的描述了破缺相

11 低能激发有效理论

考虑基态附近的量子涨落

ϕ = ϕ0 + δϕ

对于U(1)对称相ϕ0 = 0

S =
∫

ddxdt
{

i
1
2
[ϕ∗(x, t)∂t ϕ(x, t)− ϕ(x, t)∂t ϕ∗(x, t)]− 1

2m
∂x ϕ∗(x, t)∂x ϕ(x, t) + µϕ∗(x, t)ϕ(x, t)

}
拉格朗日密度可以写成L = i 1

2 [ϕ
∗(x, t)∂t ϕ(x, t)− ϕ(x, t)∂t ϕ∗(x, t)]− 1

2m ∂x ϕ∗(x, t)∂x ϕ(x, t)+

µϕ∗(x, t)ϕ(x, t)

利用拉格朗日方程∂µ
∂L

∂(∂µ ϕ)
− ∂L

∂ϕ = 0

(i∂t +
1

2m
+ µ)ϕ = 0

傅里叶变换i∂t → ω, −i∂x → k后得到色散关系

ω =
k2

2m
− µ
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对称相的化学势µ < 0,对应的能隙∆ = −µ,表示增加一个玻色子所需要的能量

对于破缺相ϕ = (1 + φ)ϕ0eiθ , θ, φ是实数

S =
∫

ddxdt
{

i
1
2

[
(1 + φ)ϕ0e−iθ

(
∂tφϕ0eiθ + (1 + φ)ϕ0eiθi∂tθ

)
−(1 + φ)ϕ0eiθ

(
∂tφϕ0e−iθ + (1 + φ)ϕ0e−iθi∂tθ

)]
− 1

2m

[
∂xφϕ0e−iθ + (1 + φ)ϕ0(−i∂xθ)e−iθ

] [
∂xφϕ0eiθ + (1 + φ)ϕ0(i∂xθ)eiθ

]
µ(1 + φ)2ϕ2

0 −
V0

2
(1 + φ)4ϕ4

0

}
=
∫

ddxdt
{

i
1
2
[
(1 + φ)ϕ2

0∂tφ + (1 + φ)2ϕ2
0i∂tθ − (1 + φ)ϕ2

0∂tφ + (1 + φ)2ϕ2
0i∂tθ

]
− 1

2m
[
(∂xφ)2ϕ2

0 + ∂xφϕ2
0(1 + φ)i∂xθ + (1 + φ)ϕ2

0∂xφ(−i∂xθ) + (1 + φ)2ϕ2
0(∂xθ)2]

+µ(1 + 2φ + φ2)ϕ2
0 −

V0

2
(1 + 4φ + 6φ2 + 4φ3 + φ4)ϕ4

0

}
化简后得到

S =
∫

ddxdt
{
−(1 + φ)2ϕ2

0∂tθ −
1

2m
[
(∂xφ)2ϕ2

0 + (1 + φ)2ϕ2
0(∂xθ)2]

+µ(1 + 2φ + φ2)ϕ2
0 −

V0

2
(1 + 4φ + 6φ2 + 4φ3 + φ4)ϕ4

0

}
忽略高阶小量,构造二次型

S =
∫

ddxdt
{
−ϕ2

0∂tθ − 2φϕ2
0∂tθ −

1
2m

(∂xφ)2ϕ2
0 −

1
2m

ϕ2
0(∂xθ)2

= +µϕ2
0 + 2µφϕ2

0 + µφ2ϕ2
0 −

V0

2
ϕ4

0 − 2V0φϕ4
0 − 3V0φ2ϕ4

0

}

注意到µϕ2
0 −

V0
2 ϕ4

0是常数项. 我们为了找到一个描述低能涨落激发的有效拉氏量,暂时忽

略掉常数项

S =
∫

ddxdt
[
−ϕ2

0∂tθ −
1

2m
ϕ2

0(∂xθ)2 − 2ϕ2
0φ∂tθ −

1
2m

ϕ2
0(∂xφ)2 − (−µϕ2

0 + 3V0ϕ4
0)φ

2
]

为了得到低能激发,对高能激发场φ做泛函积分

Z =
∫
D[θ(x, t)]D[φ(x, t)]ei

∫
ddxdt[−ϕ2

0∂tθ− 1
2m ϕ2

0(∂xθ)2−2ϕ2
0∂tθφ+φ( 1

2m ϕ2
0∂2

x−(−µϕ2
0+3V0 ϕ4

0))φ]
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所以

Ze f f =
∫
D[θ(x, t)]exp

i
∫

ddxdt

− 1
2m

ϕ2
0(∂xθ)2 + ∂tθ

ϕ4
0

−µϕ2
0 + 3V0ϕ4

0 −
ϕ2

0
2m (∂x)2

∂tθ


=
∫
D[θ(x, t)]exp

{
i
∫

ddxdt

[
−ϕ2

0∂tθ −
1

2m
ϕ2
)(∂xθ)2 + ∂tθ

ϕ4
0

−µϕ2
0 + 3V0ϕ4

0 − 1
2m ϕ2

0∂2
x

∂tθ

]}

=
∫
D[θ(x, t)]exp

{
i
∫

ddxdt
[
− ρ0

2m
(∂xθ)2 +

1
2V0

(∂tθ)
2
]}

这里忽略了−ϕ2
0∂tθ项和分母的∂2

x项得到了一个有效作用量(XY模型)

Se f f =
∫

ddxdt
[

1
2V0

(∂tθ)
2 − ρ0

2m
(∂xθ)2

]
带入变换z = eiθ得到

Se f f =
∫

ddxdt
[

1
2V0
|∂z|2 −

ρ0

2m
|∂xz|2

]
带入拉格朗日方程可以得到运动方程

(− 1
V0

∂2
t +

ρ0

2m
∂2

x)θ = 0

傅里叶变换后得到色散关系

ω = vk, v2 =
ρ0V0

m

引入与密度耦合的源场−A0ρ = −A0ϕ∗ϕ

S =
∫

ddxdt
[
−ϕ2

0∂tθ −
1

2m
ϕ2

0(∂xθ)2 − 2ϕ2
0φ∂tθ −

1
2m

ϕ2
0(∂xφ)2−

(−µϕ2
0 + 3V0ϕ4

0)φ
2 − A0ϕ2

0 − 2A0φϕ2
0 − A0φ2ϕ2

0

]
Z =

∫
D[θ(x, t)]exp

{
i
∫

ddxdt
[
−ϕ2

0∂tθ −
1

2m
ϕ2

0(∂xθ)2 − A0ϕ2
0

−φ(−µϕ2
0 + 3V0ϕ4

0 −
ϕ2

0
2m

∂2
x + A0ϕ2

0)φ− 2(ϕ2
0∂tθ + A0ϕ2

0)φ

]}
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进行高斯型积分得到

Ze f f =
∫
D[θ(x, t)]exp

i
∫

ddxdt

−ϕ2
0∂tθ −

1
2m

ϕ2
0(∂xθ)2 − A0ϕ2

0 −
(ϕ2

0∂tθ + A0ϕ2
0)

2

−µϕ2
0 + 3V0ϕ4

0 −
ϕ2

0
2m ∂2

x + A0ϕ2
0


同样的忽略掉θ的全微分和分母的∂x项得到

Ze f f =
∫
D[θ(x, t)]exp

{
i
∫

ddxdt
[
− 1

2m
ϕ2

0(∂xθ)2 − A0ϕ2
0 +

1
2V0

(∂tθ)
2 +

A0

V0
∂tθ +

A2
0

2V0

]}
=
∫
D[θ(x, t)]exp

{
i
∫

ddxdt
[
− 1

2m
ϕ2

0(∂xθ)2 +
1

2V0
(∂tθ)

2 − A0(ϕ2
0 −

∂tθ

V0
) +

A2
0

2V0

]}

忽略常数项,在有效理论中,会增加一项与A0耦合的项−A0(ρ0 − ∂tθ
V0
). 所以可以得到密度

算符的表示

ρ = ρ0 −
∂tθ

V0

12 低能激发的准粒子

之前的处理平均场基态附近的涨落是看成经典波, 实际上这种波也可以进行量子化

处理

Se f f =
∫

ddxdt
[

1
2V0

(∂tθ)
2 − ρ0

2m
(∂xθ)2

]
带入傅里叶变换θk =

1√
V

∫
ddxθ(x)e−ikx, θ(x) = 1√

V

∫
ddkθkeikx

Se f f =
∫

ddxdt
[∫

ddkddk′
1

2V0

1
V θ̇k θ̇k′ei(k+k′)x − ρ0

2m
1
V

∫
ddkddk′θkθk′(−k · k′)ei(k+k′)x

]
=
∫

ddkdt
[

1
2V0

θ̇−k θ̇k −
ρ0k2

2m
θ−kθk

]

记Ak =
1

V0
, Bk =

ρ0k2

m

Se f f =
∫

ddkdt
[

Ak

2
θ̇−k θ̇k −

Bk

2
θ−kθk

]
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得到正则动量πk =
∂Le f f

∂θ̇k
= Ak θ̇−k

H = ∑
k

πk θ̇k −Le f f

= ∑
k

Ak θ̇−k θ̇k −∑
k
(

Ak

2
θ̇−k θ̇k −

Bk

2
θ−kθk)

= ∑
k

(
1

2Ak
π−kπk +

Bk

2
θ−kθk

)

值得注意θ†
k = θ−k, πk† = π−k. 利用正则量子化关系[θk, πk′ ] = iδkk′可以得到量子哈密顿

量

做一个波戈留波夫变化αk = ukθk + ivkπ−k,其中[αk, α†
k′ ] = δkk′ , [αk, αk′ ] = 0. 哈密顿

可以对角化成

H = εkα†
k αk + E0, uk =

1√
2
(AkBk)

1
4 , vk =

1√
2
(AkBk)

1
4

这里εk =
√

Bk
Ak

=
√

ρ0V0
m |k| = v|k|. θ的集体涨落导致了线性色散关系的玻色准粒子.这种

粒子叫做声子, 声子是原玻色子的集体行为, 并且声子是自由的, 原有玻色子是有相互作

用的

13 自发对称性破缺

我们首先从经典场论开始讲起. 考虑φ4拉氏量

L =
1
2
(∂µφ)2 − 1

2
m2φ2 − λ

4!
φ4

对于质量项做一个替代m2 → −µ2. 拉氏量可以写成

L =
1
2
(∂µφ)2 +

1
2

µ2φ2 − λ

4!
φ4

拉氏量满足分离对称性φ→ −φ. 由于π = ∂L
φ̇

H = πφ̇−L = (∂tφ)
2 + (∇φ)2 − 1

2
µ2φ2 +

λ

4!
φ4
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势可以写成V[φ] = − 1
2 µ2φ2 + λ

4! φ
4. 对其做变分取极值可得

∂V[φ]

∂φ
= −µ2φ +

λ

3!
φ3 = 0

φ = ±
√

6
λ

µ

记v =
√

6
λ µ, 叫做φ场的真空期望. 为了方便讲述这个问题, 我们考虑这个系统在正定最

小值的附近的激发

φ = v + σ(x)

带入原有的φ4拉氏量中,得到

L =
1
2
(∂muσ(x))2 − 1

2
(2µ2)σ2(x)−

√
λ

6
σ3(x)− λ

4!
σ4(x)

这里由于在σ(x) = 0处满足条件 δL
δσ |σ(x)=0σ(x) = 0,这意味着L的线性项都是0. 注意到此

时标量场σ的质量为
√

2µ. 由于有σ3相互作用,系统也不具有了分离对称性σ→ −σ

14 线性σ模式

更有意思的理论出现在连续对称性破缺,而不是分离对称性.最重要的例子是线性σ模

型, N个实标量场的线性σ模型拉氏量如下

L =
1
2
(∂µφi)2 +

1
2

µ2(φi)2 − λ

4
[(φi)2]2

这里(φi)2表示∑i φiφi = ~φ ·~φ, ~φ =


φ1

...

φN

. 值得注意,这里我们重新调整了耦合常数λ,消

除了 1
6 . 拉氏量在N × N的正交变换下保持不变.

φi → Rijφj, RTR = 1

上式变换群构成O(N)群. 和之前做法一样,考虑势能最小的场构型

V[φi] = −1
2

µ2(φi)2 +
λ

4
[(φi)2]2
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∂V(φi)

∂φi = 0, (φi
0)

2 =
µ2

λ

这个条件限制了矢量φi的长度, 矢量方向是任意的. 我们这里为了方便, 选择矢量φi指向

第N个方向

φi
0 = (0, 0, · · · , 0, v), 其中v =

µ√
λ

考虑一个场平移

φi(x) = (πk(x), v + σ(x)), k = 1, 2, · · · , N − 1

这里φk满足O(N − 1)对称(πk)2 = 0,利用这个关系,将场平移带入原始的拉氏量

L =
1
2
(∂µπk)2 +

1
2
(∂µσ)2 +

1
2

µ2(πk)2 +
1
2
(v + σ)2 − λ

4
[(πk)2 + (v + σ)2]2

=
1
2
(∂µπk)2 +

1
2
(∂µσ)2 +

1
2

µ2(πk)2 +
1
2
(2µ)vσ +

1
2

µ2σ2

− λ

4

{
[(πk)2]2 + 2(πk)2(v + σ)2 + (v + σ)4

}
=

1
2
(∂µπk)2 +

1
2
(∂µσ)2 +

1
2

µ2σ2

− λ

4
[(πk)2]2 −

√
λµ(πk)2σ− λ

2
(πk)2σ2 − 3µ2

2
σ2 −

√
λµσ3 +

λ

4
σ4

=
1
2
(∂µπk)2 +

1
2
(∂µσ)2 − 1

2
(2µ2)σ2

−
√

λµσ−
√

λµ(πk)2σ− λ

4
σ4 − λ

2
(πk)2σ2 − λ

4
[(πk)2]2

值得注意, 这里我们丢掉了σ场的线性项, 因为L在σ = 0处展开线性项对应的一阶导数

为0. 其次πk场满足O(N − 1)对称性,这导致了πk场没有了质量项. 观察场平移前后,拉氏

量对称性由原来O(N)对称性变成了关于πk的O(N − 1)对称性, σ场描述了场径向大小的

涨落, πk满足O(N − 1)描述的是在墨西哥草帽势阱底部的切向涨落.

54



图 3: 对称性破缺后的势，σ场沿着径向涨落，πk场沿着阱底切向方向涨落

14.1 Goldstone定理

连续对称性自发破缺时出现无质量的粒子叫做Goldstone定理. 例如线性σ模型中,对

于N = 1时不存在连续对称性, 而N > 2的情况下, 线性σ模型存在N(N−1)
2 个连续对称性.

发生自发对称性破缺后残余的连续对称性有
(N−1)(N−2)

2 个,对应的有N − 1个π场.

Goldstone定理表述了对于每一个连续自发对称性破缺都必定包含一个无质量的粒

子. 这个由于SSB导致的无质量粒子叫做Goldstone玻色子. 之前的线性σ模型中正好是这

个定理的一个粒子. 现在我们在经典水平上证明这件事, 考虑一个包含若干场φa(x)的拉

氏量

L = (场的导数项) + V(φ)

由于在φa
0处V取到了极小值,所以有

∂

∂φa V
∣∣∣∣
φa(x)=φa

0

= 0

在极小值处展开得到

V(φ) = V(φ0) +
1
2
(φ− φ0)

a(
∂2

∂φa∂φb V) + · · ·

二次项系数为 (
∂2

∂φa∂φb V
)

φ0

= m2
ab

这是个对称矩阵，本征值给出了场的质量. 由于φ0是最小值, 这些本征值是非负的. 为了
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证明Goldstone定理,我们必须展现出每一个不是φ0的连续对称性都产生一个零本征值.

一般的连续对称性有形式

φa → φa + α∆a(φ)

其中α是一个无穷小参数, ∆a是所有φ的一些函数. 对于经典场L的一阶导数为0

V(φa) = V(φa + α∆a(φ)), ∆a(φ)
∂

∂φa V(φ) = 0

上式同时对φb求导,然后令φ = φ0

0 =

(
∂∆a

∂φb

)
φ0

(
∂V
∂φa

)
φ0

+ ∆a(φ0)

(
∂2

∂φa∂φb

)
φ0

观察上式, 由于φ0是V的极小值, 第一项为0, 所以第二项也必须为0. 如果连续对称变换

保持φ0不变, 有∆a(φ0) = 0. 若连续对称性导致φ0变化, 有∆a(φ0) 6= 0. 在这种情况下,(
∂2

∂φa∂φb V
)

φ0
存在零本征值. 这样就在经典水平上证明了Goldstone定理.

15 有限系统的自发对称性破缺

之前的经典理论里我们使用了序参量〈ϕ(x)〉来描述自发对称性U(1)的破缺, 量子理

论中定义算符W = e−iN̂θ来描述U(1)对称性. 由于

Wa(x)W† = e−iNθaeiNθ = a(x) + [−iNθ, a] +
1
2!
[−iNθ, [−iNθ, a]] + · · ·

= a(x) + iθa(x) +
1
2!
(iθ)2a(x) + · · · = eiθa(x)
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